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Abstract 

Let a and b be two integers such that 2 < a < b. In this article we define the notion of 
(a, 6)-Koszul algebra as a generalization of iV-Koszul algebras. We also exhibit examples and 
we provide a minimal graded projective resolution of the algebra A considered as j4-bimodulc, 
which allows us to compute the Hochschild homology groups for some examples of (a, &)-Koszul 
algebras. 

Mathematical subject codes: 16E05, 16E30, 16E40, 16S37, 16W50. 
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1 Introduction 

The definition of Koszul algebras was given by S. Priddy [P] in 1970, motivated by an article 
published by Koszul in the 50s [K] . The study of these algebras and their generalizations has been 
developed in the last years because of their applications in algebraic geometry. Lie theory, quantum 
groups, algebraic topology and combinatorics (see for instance [BGS2, F, HL]). Bcrgcr defined the 
notion of 7V-Koszul algebra in his article [B2], see also [BG]. The condition of being iV-Koszul 
is also described in [GMMZ], where the authors study quotients of tensor algebras over copies of 
the base field by an ideal generated by homogeneous elements of degree N. Moreover, similarities 
among the notions of Koszul algebras and ./V-Koszul algebras have been proved (see for example 
[B2, GMMZ, BG, FV]). However, the TV-homogeneity condition of the relations is the cause of 
various problems. In particular, the class of 7V-Koszul algebras, for N > 2, is not closed under 
graded Ore extensions, normal regular extensions or tensor products. It is then natural to generalize 
the definition of 7V-Koszul algebras to algebras A = T(V)/I where V is a finite dimensional vector 
space and I is an ideal generated by homogeneous elements of two different degrees. 

The contents of the article are as follows. We start by recalling in Section §2 well-known defini- 
tions and results about graded modules and we prove some technical lemmas. 

In Section §3 we construct a minimal graded projective resolution of the trivial ^4-module k for A 
an (a, 6)-homogeneous algebra and we study in detail the kernels of the morphisms of this resolution. 

Section §4 is devoted to the definition of (a, 6)-Koszul algebras and to find equivalent conditions 
to this definition. Some of these conditions are related to distributive lattices. We generalize the 
notion of distributive triples to multidistributive tuples. We define the opposite algebra A° and the 
Koszul dual A of an (a, 6)-homogeneous algebra A, next we prove that A is (a, fe)-Koszul if and 
only if A is. However, this is not the case for A . 

In [CS], the authors define the algebras /C2 as a possible generalization of iV-Koszul algebras. 
The (a, &)-Koszul algebras are related to the AC 2 algebras (see [R]). 

Notice also that the notion of (a, 6)-Koszul algebra is different from the (p, q)-Koszul rings in 
[BBK]. 

The aim of Section §5 is to give several examples of (a, &)-Koszul algebras. 

In Section §6 we construct a minimal A-bimodulc resolution of an (a, 6)-Koszul algebra. This 
resolution allows the computation of the Hochschild homology groups of the algebra; in fact, we 
compute the dimensions of the k- vector spaces HHi(A) for some (a, 6)-Koszul algebras A. 

Finally, in Section §7 we exhibit an algorithm using [WM] needed for the computations of the 
previous section. 

Throughout this article, k will denote a field, V a finite dimensional fc-vector space, A an aug- 
mented associative Z-graded fc-algebra with unit and I a two-sided ideal of A generated by homo- 
geneous elements of degrees a and b such that 2 < a < b. We will denote the vector space V® n 
by y(™) and an elementary tensor v 1 <8> • • • <8> v n 6 V^ n ' by v± ■ ■ ■ v n . By "module" we will mean a 
Z-gradcd left A-module, unless the contrary is stated. 

2 Preliminaries and basic properties 

Given an algebra A = © meZ A m , a Z-gradcd left A- module M = (J)„ eZ M n is a Z-gradcd fc-vector 
space such that A m M n C M n+m . We will denote by A-grMod the abelian category of Z-gradcd left 
A-modules, where the morphisms are the A-linear maps preserving the grading. The A-module M 
is said to be left bounded if there exists an integer m such that M n — for all n < m. The graded 
left ^4-modules which are left bounded form a full subcategory of yl-grMod. 



Suppose that there exists a morphism of graded fc-algebras e : A — » k such that e(l) = 1. Then, 
it induces a left ^4-module structure on k such that aX := e(a)X with a G A and A G fc. 

Given Z G Z and A/ G A-grMod, its shift M[l] is defined by (M[l]) n = M n+l for all n G Z. 
The A-module M is said to be graded-free if it has a basis of homogeneous elements. If M is left 
bounded, then it is graded-free if and only if it is isomorphic to a direct sum of shifts A[— li], where 
the subset of Z formed by the degrees U is left bounded. 

We next recall without proof some well-known results concerning the category A-grMod. 

Proposition 2.1 [B2, C] An object M in A-grMod is projective if and only if it is graded-free. 

Definition 2.2 [B4, C] A surjective morphism f : M —> M' in A-grMod is called essential if for 
each morphism g : N — > M in A-grMod such that f o g is surjective, then g is also surjective. 

Definition 2.3 [B4] Let M be an object in A-grMod. A projective cover of M is a pair (P, f) 
such that P G A-grMod is projective and f : P — f M is an essential surjective morphism. 

Proposition 2.4 [C] Every Z-graded A-module M has a projective cover, which is unique up to 
isomorphism. 

Proposition 2.5 [B2, C, Graded version of the Nakayama Lemma] Let M be a Z-graded left A- 
module such that M n = for all n < 0. If k (E>a M = then M is also zero. 

We introduce the following definition that will be used throughout this article. 

Definition 2.6 An object M in A-grMod is called s- concentrated (respectively s-pure) in degrees 
li, • ■ • , / s if there exist non-negative integers l\ < • • • < l s with M = Mi t © • • • © M; s (respectively 
M = AM h +--- + AM h ). 

Remark 2.7 If s = 1 we simply say that M is a concentrated (respectively pure) module (cf. [B2]). 

Remark 2.8 In [GMMZ] the authors say that a graded module M which is pure in degrees h, ■ ■ ■ ,l s 
is generated in degrees h,- ■ ■ ,l s . 

In both cases, the integers l\, ■ • ■ ,l s such that Mi t , • • • , Mi B are nonzero are uniquely determined 
whenever M is a nontrivial module. It is evident that every module which is s-concentrated in degrees 
h,- ■ ■ ,l s is s-pure in degrees W, ■ ■ ■ ,l 8 . Moreover, every module s-concentrated in degrees h, ■ ■ ■ ,l s 
is isomorphic to a direct sum of shifts k[— h] © • • ■ © k[— l s ) that will be denoted k[— h, ■ ■ ■ , —l s ]- 
On the other hand, given M in A-grMod which is s-pure in degrees h, ■ ■ ■ , l s , it is isomorphic to a 
direct sum of shifts A[— 1\, ■ ■ ■ , —l s ] and so isomorphic to (A Cgifc M^) © ■ • ■ © (A <E)k Mi s ) where Mi i 
is concentrated in degree U. 

We note that simple graded modules are isomorphic to k[— I], so every s-concentrated module is 
semisimplc. 

Proposition 2.9 Let f G HomA-grMod(M, M ') be surjective. If M is s-pure in degrees h,--- ,l s , 
then M' is also s-pure in degrees h,--- ,l s . Moreover, f is essential if and only if the induced 
morphisms f\_ i : Mi i —¥ Mf are bijective for 1 < i < 5. 

Proof. Let m! G M' and m £ M be such that /(m) = in' . Since M is s-pure in degrees h,- ■ ■ ,l s , 
there exist ai G A and m^ G Mi t for 1 < i < s such that m = a\ni\ + • • • + a s m s . Therefore, 
to' = a\f{mi) + • • • + a s f(m s ) where /(mj) G M[. . Thus, M' is s-pure in degrees l\, ■ ■ ■ ,l s . 



The Nakayama Lemma in the graded category says that / is essential if and only if the induced 
fc-linear map 

/ :k® A M — > k ® A M' 

is bijective. However, since M and M' are s-purc then k ®a M and k ®a M' are canonically 

isomorphic to k <g> Mi x -\ \- k (g M; a and k (g M[ -\ \- k (g M[ respectively. Thus, the restrictions 

to each degree of / become // 4 : Mi i — ► M[, for 1 < i < s. D 

Next, we state three easy technical lemmas concerning /c-vector spaces that will be very useful 
in the sequel. 

Lemma 2.10 Let V be a nonzero finite dimensional k-vector space and let W C V^ n ' be a subspace. 
If there exists m > such that V^ <g> W = 0, then W = 0. 

Proof. Let dim V = s ^ 0. Then, dim T/( m ) = ms and dim(l^ m ) (g W) = ms dim VF. If there 
exists 77i > such that V"( TO ) 0W = O then ms dim W = 0. Hence, dim LF = 0. D 

From now on we fix a basis B = {vi, ■ ■ • , v s } of the fc-vector space V. 

Lemma 2.11 Let W be a subspace of V^ and J2 { XiZi ® Xi a nonzero element of W (g> V^ m \ 
where Xi £ k 7 Zi £ W and Xi = Y] ,_,■ \t i \ v ji ''' v j m with /i) G k and Vj t G B. Then 

Proof. Let / : V^ 71 ' — > k be the linear map such that f{vi x ■ ■ • «i m ) = 1 for all v- lh G B. Then 
^,i=0'i.- ,im) A *M}^ is tne image of £ 4J=(jl! ... iim ) \%i ® a* by 1^ <g> /. □ 

Take now A = T(V)/I. 

Lemma 2.12 Given x = Yli=(i ... j ) ^i^ii ' " ' w i n -i ® w »„ S 7„_i 8> V", wit/i A 2 ; € fc and w^ G £> 
(1 < j < n/, suppose that if i ^ i', £/ien Vj n ^ tty . Therefore, XiVi 1 ■■•Vi n _ 1 G 7 n _i /or a/Z 
* = (*ii- ' ■ ,»«)■ 

Proof. By Lemma 2.11, we get that X)i=(i 1 ,». ,i n ) ^ w ii ' ' " u *n-i e ^n-i- 

We fix a term /i = (/ii, • • ■ , /i„) and consider y = (X)»=(i 1 ... i„) ^i w ii ' ' ' u j„-i) ® w 'in <= ^n-i ® V. 
Then 

x-y = }X\vh ■ ■■Vi n _ 1 ) (g> (u<„ - t'h„) G I„_i ® V 

i=(ii, ••• ,in) 
(ii,- ,i„)jL(h u - ,h„) 

and it is nonzero. Therefore, 

y~] AjVi! •••i>i„_i g j„_i. 

Thus, 

2J Aj^ii • • • «,„_! - ^ XiVii ■ ■ ■ u ln _ 1 = X h v hl ■ ■ ■ v hn _ 1 G I n -i. 

i=(il,'" yin) *— C^l )"' )*n) 

Since ft, is arbitrary, the result follows. □ 

Remark 2.13 Consider a nonzero element x = X/i=fi ••• i ) ^i 11 *! ' ' ' v i n -i ® v i n 6 -^n— l ® ^ an( ^ 
suppose that there exist i and i' such that i ^ i' and Vi n = tv . Reordering the sum, we may see that 
x = Et=i(E{v^„=M A »^i ' • ' v in-i) ® y t- B y Lemma 2.12, £{</«<„=«,} AiV^ • ••Vi n _ I G I„_i /or 
a// 1. It follows that J2i=u 1 ■■■ i ) ^i v h ' ' ' v i n ~i S ^n-i; s*nce 7 is an idea/. 



3 Pure resolutions of k 

In this section, after some preliminaries, we construct a minimal graded projective resolution of the 
trivial ^4-module k. The description of the succesive kernels of the differentials in this resolution will 
be related to some specific conditions. The situation is summarize in Theorem 3.f5. 
We recall the following definition. 

Definition 3.1 Let M be a Z-graded left A-module provided of a minimal graded projective resolu- 
tion 

► P n A P n _! — ► >P ^M ^0. (3.1) 

We say that (3.1) is a pure projective resolution if for each n £ No there exists s n £ Z such that 
P n is s n -pure. 

Remark 3.2 Every module admits a pure projective resolution. In the graded category this resolu- 
tion may be chosen minimal (see [GMV].) 

Definition 3.3 Let S C V^ and T C l/(" 1 ) be two subspaces with n < m. We say that S and T 
are exclusive if the intersection of the two-sided ideal generated by S with T is trivial. Explicitly, 

(Ei +j+ n=mW®S®V^)n T = 0. 

From now on, we fix two integers a and b such that 2 < a < b, R a and Rb subspaces of V^ and 
V^ respectively and R = R a © Rb- We also assume that R a and Rb are exclusive. 

The two-sided ideal / = I(R) generated by R in the tensor algebra T(V) is Z-graded, i.e. 
1 = ®nez I ^ where: 

I n = if n < a, 

I n = ^2 v(l) ®Ra® V ij) if a < n< b, 

i-\-j-\-a=n 

I n = Y, y^ ®Ra® V U} + Y y (H) ®Rb® V (l) if b < n. 

i+j+a—n h+l+b—n 

R is called a space of relations for the Z-graded algebra A = T(V)/I. The homogeneous 
components of A are the vector subspaces A n = V^ n ' jl n for n £ No and zero for n < 0. The algebra 
A is generated in degree 1 and A n — V^ n ' for < n < a. 

We fix the following bases B a = {r\, ■ • • , r p } of R a and Bb = {s\, ■ ■ ■ , s p /} of Rb where r, and St 
are uniquely written as fj = $^.-_(j ... 7 - \ ^) v ji ' ■ ' v j a with v j h £ & an( i ^) G & f° r 1 — * ^ V-, an d 
H = Z)j=(ji,- J'b) ^3 V n ' ' ' v jb with v jh £ B y yu*- £ k for 1 < £ < p' respectively. 

Remark 3.4 The notion of space of relations is already present in [B2] and it involves a minimality 
idea. Suppose R is a space of relations for the two-sided ideal I , and assume that any basis of R is 
a minimal set of generators of I . The minimality condition implies that R a and Rb are exclusive. 
In fact, suppose that there exists ti / such that v £ (52i+j+a=b ^ ® ^ a ® V^) H Rb- Then 
v = X)h=i ^hSh with Xh £ k, 1 < h < p', noi aH zero. Lei ft/ &e smc/i i/iai A^' 7^ 0, then sw = 
v — y~ 5Zh=i /i=^/i' ^hSh, and since v belongs to the two-sided ideal generated by R a , R is not a 
minimal set of generators. 



Our purpose now is to obtain a pure projective resolution of the trivial graded A-modulc k. The 
natural projection e : A — ¥ k is a projective cover of k and Ker e = © n>1 A n , which is pure in degree 
1 and (Kere)i = V. 

Next we briefly describe the kernels of the morphisms of a resolution of the A-module k. For 
further details we refer to [R]. 

3.1 Description of Ker 8\ 

The injection g\ : V — » Kere induces the linear map g\ : A (g) V — > Kere, a®u4 av, which is a 
projective cover of Ker e. Let the inclusion incg : Ker e — >■ A®k, we consider the map 5\ = inco o g x . 
One can easily check (sec [R]) that 

• (Ker 5i) n = if n < a, 

• (Kcr<$i) a = R a . 

• (Kcrdi)„~ T~[®V ifa<n<6, 

• (Ker(5i)„ ~ T^TW if n > 6. 

The following lemma is a graded version of a well-known result proved in [B5] for the non graded 
case. It provides a description of Ker 6\. 

Lemma 3.5 The A-module Keri5i is 2-pure in degrees a and b. 

Proof. In order to prove the statement, note that 

• if n < a, (Ker(5i)„ = 0, 

• if n = a, (Ker Si) a = R a , 

• if a < n < 6, 

Kci'Ol ) n ~ ~ ; ; : = A n - a ® R a , 

• if n > b 
I n -i ®V+ V^-^ ®R a + V( n - h ') <g> R b 



(Ker^i) n 



I n -i ® V 

y{n-a) ® Ra(S y(n-b) g, jr^ 



A n -a ®Ra® A n _ b ® R b . 



(I„_i <g> v) n (v( n ~ a ) ®R a ® y("- fc ) ® R b ) 

Since R a and R b are exclusive the sums are direct. 
Consequently, by Proposition 2.9, Ker<5i is 2-pure in degrees a and b. □ 



3.2 Description of Ker^ 

Let gi : A ® R — ¥ Ker^i be the morphism induced by the injection g 2 : R — > Kcrth, then 172 is a 
projective cover of Ker S\ . Let also inc\ : Ker 5\ — > A ® V and consider <5 2 = inc\ o g 2 . We have thus 
obtained the beginning of a resolution 

A®R-^ A®V -^ A®k -^k — ► 0. 

Note that k and V are respectively concentrated in degrees and 1 and that R is 2-concentrated in 
degrees a and b. We define the following vector spaces, both concentrated in degree n, 

Jn = fl ^ ® Ra ® y0) for n - a ' 

J « = fl ^ (s) ® #& ® ^ (t) for n > 6. 

s+i+fc— n 

Since 

(Ker<5 2 )„ = if n < a and (Kcr<5 2 ) a +i = ^"+11 

the projective cover of Ker <5 2 must include A ■/"_)_ 1 but may also include s-pure modules with 
s > a + 1. We want to describe this projective cover. 

It is straightforward to see that for n = a + m with 2 < m < min{a — 1, 6 — a} 

(Kcr<S 2 )„ = {V {m) ® R a ) n (J2 V(l) ® R a® y {3) ®V)D V (m ~ 1} <g> J° +1 . (3.2) 

i-j-j=m— 1 

Then, 
(Ker fe)„ - A ro _! ® J a a +1 <^> (V< m ) <g> i? a ) n ( £ ^ W ® -Ra ® ^ W ® ^) = ^ ( ™ _1) ® ^+i- (3-3) 

i+j— ra — 1 

Note that if the right hand side in (3.3) holds for m = a — 1, then for 2 < m < a— 1 and 2 < t < m— 2, 

(y< ra) © i? a ) n (l/ (m ~* } eg) Ra ® y (t) + • • • + V^- 1 ) <g> i? a <g> V) C V^- 1 ) ® J a a +1 . (3.4) 

Since V is fc- faithfully flat, we get (3.3) for 2 < m < a — 1. 

For n = a + t = & + /i with 1 < /i < 2a — 6— 1, (Ker(5 2 )„ is equal to 

[(y (t) ® i? a ) © (y (,l) ® i? 6 )] n ( ^ y w ® i? a ® F^ <g> v + ^ ^ (s) <g> R b ® y (4) <g> v) , 

and contains (V^*" 1 ' <g> J» +1 ) © (V^" 1 ) <g> J 6 6 +1 ). 
Consider now the following relations 



(F (s) <g> R a ) n ( ]T ^ w ® i? ® i/ (j) ® v) = i^ 5 " 1 ' ® J^ +l! 

i+j=s-l 

(F w ® 22b) n ( ^ V {s) ®R b ® V (t) <g> V) = I^" 1 ' <8) J b b +1 . 



(3.5) 



s+t=Z-l 



With similar arguments as before, (3.5) holds for I < b — 2 whenever it holds for I = b — 1. Moreover, 
(3.5) implies the right hand side equality in (3.3). 

The relations (3.5) for s = a — 1 and I = b — 1 will be called extra conditions and will be 
denoted by (e.c). 

Next we recall a definition that will be generalized afterwards. 

Definition 3.6 [B2, J, O] A triple (E, F, G) of subspaces of a given vector space is said to be 
distributive if 

En(F + G) = (EnF) + (EnG). (3.6) 



Proposition 3.7 The (e.c.) hold if and only if for 2 < m < a — 1 and 2 < I < b — 1 the tripl 



f.s 



{V {m) ® R ai R a ® y (m) , 53 V ® V w <g> i? a ® V U) <g> V) and (3.7) 

i-j-j=m— 2 

(v« ® i? 6 , i? fc ® v (/) , 51 y ® y (s) ® Rb ® v(t) ® y ) 

s+i=Z-2 

are distributive and there are inclusions 

{V {m) <g> R a ) D (iia ® ^ (m) ) C l/^™- 1 ) (S> i?a <8> V, 

(v il) ® i? h ) n (i? b <g> v {l) ) c y^- 1 ) <g> i? 6 g> v. 

Proof. Let £ = y( m ) ®R a ,F = R a ® V^ and G = Ei+j=m-2 y ® ^ (i) ®«a® F 00 ® V. Recall 
that if the ('e.c. J are satisfied, then we have (3.5) for 2 < s < a — 1 and 1 < Z < b — 2. If we assume 
that the (e.c.) hold, then in (3.5), E n (F + G) = 0™" 1 ) <g> J£ +1 CEnGC (EnF) + (£nG). 
The argument is analogous for b. The inclusions are trivial. 

Conversely, because of the distributivity of the first triple and the first inclusion for m such that 
2 < m < a - 1, 

(y( a - 2 ) (» i? a ) n ( 53 v(t) ®R a ® v {j) ® v) 

i-\-j—a — 3 

= (v ( - a - 2) ®R a )n{R a ® v {a ~ 2) ) + (v^-v ®R a )n(^2v® v {l) ®R a ® v w ® v) 

i~\-j—a—4: 

c(y {a - 3) ®R a ®v) + v®[(y ia - 3) ®R a )n( 53 yil) ® R <* ® vU) ® v )} 

i+j=a — i 

= (v {a ~ 3) ®R a ®v) + v® [(v (a - 3) <g> i? a ) n (i? a g> y( a ~ 3 )) + (i/( a - 3 ) ® R a )n 
( 53 ^ ® ^ w ® #» ® v w) ® v)] 

i+j= a— 5 

C (l/( a - 3 ) i? Q o V") + V ® [(T/( a " 4 ) <g> i? a ® v) + (v {a - 3) ® R a )n 

( 53 V ® V(l) ®Ra® V U) ® V)] 

i+j= a— 5 

= (^ (a " 3) <g> i? a <g> F) + F (2) ® [l/ (a " 5) ®R a ®v + (v {a - 4) ® i? a ) n ( 53 ^ W ® ^a ® ^ a) ® V)] 

i-\-j— a— 5 

= (i/( Q - 3 ) o R a <g, t/) + v (2) <g> [(T/ (Q - 4) ® i? a ) n ( 53 v {l) ®R a ® V {j) ®v)]. 

i+j=a-5 



In general, (V^ a ~^ <8 R a V) + V- 3 ^ <g> [(V(°-«+ 1 ) <8 i? a ) n (£«+,•=„_, V (i) ®Ra® V& <8 V)] C 

(y(«-3) ® i? Q ® y) + i/(<>-3) ^(a-.+i) g, ^ n (£ i+j=a _ a V^ ®R a ® V® 2) V)] with 3 < s < a 
and therefore 

l/ (a " 3) (8 i? a g> V C T/( a " 3 ) (8) J£ +1 . 

Hence, the first relation in (3.5) holds. A similar argument can be applied for the second relation in 

(3.5). □ 

Lemma 3.8 For 2 < m < a — 1 and 2 < / < 6 — 1, i/ie following inclusions hold 

{V {m) (g) i? a ) n (R a <8 V {m) ) C V^- 1 ) $ i? a (g) V, (3.8) 

(V w ® i? fc ) n (i?t ® V (/) ) C F ( ' _1) ® i? 6 (» V, 
i/ and onZ?/ i/ i/ie following equalities are satisfied 

(yM <8 fl a ) n (i? a ® i/ (m) ) = j° +m , (y ( ' } <8) i? b ) n (R b ® F«) = J fc fc +/ . 

Proof. For the necessity we use that J° +m C (y( m ) ® i? a ) n (i? a <8 l/( m '). Wc shall immediately 
prove the other inclusion by induction on m. If m = 2, the equality becomes, using (3.8) 

■Cf 2 = (^ (2) ® Ra) n(v®R a ®v)n (R a ® 1/ (2) ) = (v (2) <g> i? a ) n (i? a ® v (2) ). 

We suppose now that the inclusion we need is valid for some m < a— 1; let J2i=u 1 ■■■ % m ^i w ii ' " ' 
i>< a+m+1 € (y( m+1 ) (8 # ) n (Ra ® l/^+i)) with ^ G S, then E<=(t lf ... ,W m+ i) ** v ii ■■■ViaZRa and 
Ej=(n,...,i 0+m+1 ) A ^m+2--- w ia +m +i G R a , but using (3.8), E j =(< 1 ,...,i 0+m+1 ) *i*W • •• «i a+m G i? a 
if m + 1 < a - 1. Hence, £ i=(il] ... ,, a+m+l) toi, ■ ■ • n, a+m G (i? a ® V("*>) n (VW (8 i?„) = J£ +m by 
inductive hypothesis. We can then conclude that ^/^ ... 4 % At«ti •••u, a+m+1 G Dh+i'=m ^ ® 

-Ra®V^ ®F and since it also belongs to R a ®V^- m+1 \ it belongs to J^ +m+1 and the desired equality 
is satisfied. 

The proof for the equality involving J^ , l is analogous. 

The converse is trivial since the following inclusions are satisfied: 

Ja+m Q ^ (m_1) ®Ra®V, jj^ +l C V^" 1 ) ® R b ® V. 

D 

Next we state two technical lemmas concerning A-modules (not necessarily graded) that will be 
used afterwards. The proofs are straightforward. 

Lemma 3.9 Let I, N and M be A-modules such that ICAfC M, N / 1 ~ M/I and the following 
diagram, is commutative 

N c *-M 

i 7r 1.71-' 

N/I — ^ M/I. 
Then N = M. 



Lemma 3.10 Let I, J and M be subspaces of a k-vector space N such that I C M, and I C J '. 
Suppose also that 

(f> : M/I — ► N/J 



is an isomorphism. Then M n J = I . 

Definition 3.11 A 4-tuple of subspaces of a given vector space of the form (E, E',F± + - ■ - + F t ,Gi + 
■ ■ ■ + Gf ) is said to be multidistributive if E f] E' = and 

(E®E')n(F 1 + --- + F t + G l + ---G t >) 

= {EnF 1 ) + --- + {EnF t )®(E'nG 1 ) + --- + (E'n G*). (3.9) 

The following proposition gives an equivalence in terms of distributivity and multidistributivity 
and the (e.c), to decide when Kcr 62 is 2-pure. The purpose will be then to generalize this equivalence 
for the other morphisms in the resolution. 

Proposition 3.12 If we assume that the second equality of the (e.c.) is satisfied; i.e. 

(v {b ~ 1] ®R b )n(Y, v {s) ®R b ® v (t) ® v) = v {b - 2) ® J b b+1 , 

s+t=b~2 

then Ker 82 is 2-pure in degrees a + 1 and 6+1 if and only if (3.3) holds and, for all n > 2a, (E, F, G) 
and (£" , E" , F' + G',F" + G") are respectively distributive and multidistributive where: 

E = E' = V {n ~ a) ®R a , 

F = R a ® V {n ' a) + ■■■ + V {n - 2a) ®R a ® V {a \ 

G = G' = v (n - 2a+1) <g> R a ® V {a - 1] + ■■■ + V {n - a - 1] ®R a ®V, 

F' = R a ® V {n - a) + ■■■ + V {n - 2a) <g> R a <g> V {a) + R b ® V {n - b) + ■■■ + V {n - a - b) ®R b ® V (a \ 
E" = V {n ~ b) ® R b , 

F" = R a ® V {n - a) + ■■■ + V {n - a - b) ®R a ® V {b) +R b ® V {n ~ b) + ■■■ + V {n - 2b) ®R b ® V {b \ 
G" = V {n - 2b+1) ®R b ® V^-^ + ■■■ + V {n - b - l) ®R b ®V. 

Proof. Fix yW — for i < 0. We have already proved that 

(Korean = j4_m-i ® Ja+i f° r n = Tn + a, with 2 < m < min{a — 1, b — a}, 

if and only if (3.3) is satisfied. We shall first prove the if part. Suppose now that the (e.c.) hold 
and fix an integer n > 2a. We want to describe (Kerc>2)n for arbitrary n. 

(i) If n < b, (Ker<52)n C A n - a ®R a . Note that if n = b, A n - b = k and if s £ R b , ^(s) is not zero, 
if not, 

p' p' 

= S 2 {s) = 5 2 (^2mfi l h v hl ■■■v hh ) =^2viV l h v hi ■■■ v h b -i ®v hb , 
1=1 1=1 

h= (h±,--- ,hb) h= (hi ,-•• ,ht) 
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and then J^h Sf=i Vi^^hi • ' " w /i b -i ^ Ib—x but in this case i? a and i?b would not be exclusive. 
Let a- £ A„_ a , pj G i? a , such that = ^(X^a? <8> pi) = MEi,/^^,...,,-,,) 7h<^a7 ® 

«ii ■••«i.) = Ei > hj=o-i,--j.)T r h^ a * t, ii" ,t, J.-i ®"i.- So > T,i,h,j=(j u -,Ja)7h X j a i v Ji ■■■ v ia-i 
belongs to I n -\. 

Consider the following subspacc of T(V) 

N n = {v (n - a) ®R a )r\ (J„_! ® V) = (^ ( "" a) ® i? a ) n (^("-°- 1 ) ® i? a ® v + • • • + # a ® \/("- a )). 

We get that (Ker^)^ C j — N, X R . The other inclusion is trivial. 

(ii) If n > b, (Kcr<5 2 )„ Q {A n - a ® R a ) © (A„_ 6 ® R b ). Let 5~ G A n - a , (3 h G v4 n _ 6 , p t G R a and 
#k £ -Rb, if 

= H X s7 ® ^ + X^> ® **) 

i h 

= 6 * ( Yl ifrjOi ® W ii • • • «3« + XI "*ti^?Th ®V h --- V h ) 
i,t h.rn 

j=(h,-Ja) i={h,-M 

= X rt X ) a * v n ■■■ v J*-i ® "j a + X rtnP? PhV h ■ ■ ■ v lb _ x ® v h , 

i,t h,m 

3 = {h,-,3a) l=(h,-,l b ) 

thcn Ei,t,j ll X )aiV h ■ ■ ■ V Ja _ x + J2h,m,l VmV-FPhVl! ■ ■ ■ V h _ x G /„-!■ 

The subspacc 

Wn ={V {n ~ a) ®R a ® V {n ~ b) ® Rb) n (V {n - a ~ 1) ®R a ®V+ 

yi.n-a-2) g £ q g y(2) + . . . + ^ g, y(n-a) + 

l^"- 6 - 1 ) ® i? b ® V + y (Tl ~^ 2) ® ^ ® V {2) + ■■ ■ + R b ® T/ ( "" 6) ) 
is included in 7 n _i (8) V. As a consequence we obtain that 



(Ker<5 2 )„ = 



I n -a <E) R a ® In-b <8> Rb 

In order to prove the distributivity and multidistributivity we note that: 

EC\{F + G) = N n in case (i), 

(E' ®E")n (F' + F" + G' +G") = N n in case (ii). 

We shall analyse separately both cases for (E, F, G) and (E 1 , E", F' + F" , G' + G"), which are 
respectively distributive and multidistributivc, using that the (e.c.) arc satisfied. 

• If n < b, N n = E n (F + G) = (E n F) + (E n G) = (e . c . ) (J„_„ ® i? a ) + (l^™-"- 1 ) ® J« +1 ). 

Hence, 

7V„ y(«-»-i) g, ja +i 



(Ker*5 2 ) r 



/»-« ® ^ (FC™-"- 1 ) ® J Q Q +1 ) n (I„_ a ® i? a ) 



and it is surjectively mapped to — r 7 a a+1 = A„_ a _i ® J° +1 by a morphism </? induced by 

the identity on V i - n ~ a ~ 1 ' ® Jq +1 . Moreover, the domain and the image of ip are isomorphic as 
fc- vector spaces (see [B2]). For dimensional reasons, ip is an isomorphism. 
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• If n > b, 

E'nF' = I n - a ®R a , E"DF" = I n _ b ®R b , E'nG' = V {n -°- 1) ®J a a+1 , E"nG" = V (n - b - 1] ®J b b+1 , 

where the last two hold because of the (e.c). The kernel is then characterized as follows, 
(Ker<5 2 ) r 



I n - a <E)R a ® I n -b © Rb 

(/„-„ © Rg + T/t"-^ 1 ) g J° +1 ) ffi (/ n _ 6 g i? b + yt""''- 1 ) © J h b+l ) 

I n -a © -R a © In-b © -Rft 
J»-q ® ga + V^ n - a - 1 '> © J° +1 /(„_,,) ®Rb + V( n - b -V © J b b+1 

In-a <8> -Ra 4-6 © i?& 

y(n-a-l) g ja + ^ V (n-b-l) g j*^ 



(y(»-a-i) © j» +1 ) n (I„_ a © i? a ) (^»" & -i (g) J b b+1 ) n (I„_ 6 © i? h ) 
- "7 ^T7^ ® "7 5T7^ ~ A "- Q - 1 ® ^+ 1 ® i4 "- 6 " 1 ® Jfe + 1 ' 

Ai-a-1 © J a+ i J-n-b-1 © J &+1 

where the isomorphism for the term involving i? b is analogous to the previous case. 

We then conclude that Ker <5 2 is 2-pure in degrees a + 1 and & + 1. 

Conversely, if Ker<5 2 is 2-pure in degrees a + 1 and 6 + 1, then (Ker<5 2 )„ = A n -a-i © ^a+i ® 
A„_(,_i © J b+1 and using the equivalence mentioned at the beginning of the proof, (3.3) holds. 
Assume first that n > b, then (Ker 62) n Q A n - a © R a © -A n _& © Rb- We know that 

_ ^("-q-D j° +1 y(n-b-i) g jb +i (3- 10 ) 

On the other hand, the following inclusions are trivial: 

y(n-a-l) g ja^ Q j^ g ^ + y(n-a-l) g ja + ^ 
In-a-1 © ^a+1 £ 4-a <8> #a, 

V^"" 6 " 1 ) © J b b+1 C I„_ 6 © i? 6 + y("-^D © j£ +1 , 
4-b-i © J? + i C J n _ 6 (g) R b . 
Hence, by Lemma 3.10 we get the equalities: 

(yin-a-l) g jo^) R (j^ g R J = j^^ g ja + ^ 
(y(»-6-l) g j6 +i) n (/n _ 6 g, £ & ) = Jn _ 6 _ x g J& + ^ 

So, the last expression in (3.10) is equivalent to 2±i - 



(v("-«-i) 8l / o » +1 )n(7„_ a «u ) ^ (v("-''-i)«)J 6 b +1 )n(7„_ b ®fl 6 ) ' 

ch is in term isomorphic to 1 a+ , 

3.9, 



which is in term isomorphic to , a+ A p — — — © , ' b+ L „ — — - — . By Lemma 



N n = v (n - a -^ © j« +1 + i n _ a © R a © y(»-6-i) g, Jb +l + / n _ 6 ^ 
= (s' n F') + (E' n G") © (E" n f") + (E" n G")- 

As a consequence, the 4-tuple is multidistributive and, analogously, the triple is distributive. □ 
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3.3 Description of Ker^ 

From now on we assume that Ker<52 is 2-pure in degrees a + 1 and 6 + 1. The canonical injection 
53 : Ja+i © Jb+i ~* Ker(5 2 induces a projective cover g 3 : (A<g> J° +1 ) © (A (g> J& +1 ) — * Ker<5 2 - Let <5 3 
be the composition of this map with mc 2 : Ker (5 2 — > A © R. 

Now, our aim is to describe Ker (S3. Note first that if Oj, a'- € A, a;,, a;'- G V, j/j G -R a and y' G Rb 

are such that S 3 (J2i a~i © %i © Vi + J2j a 'j ® ^ © 2/j) = 0, then £\ ^i^i © J/i = J2j a 'j x 'j ® 2/j = °> 
since i? a and -R& are exclusive. So we can describe each direct summand of Ker <5 3 . 

Note that <5 3 can vanish only on elements such that J2 i oiiXi = and deg(^ onxi) > a, hence 
deg(^ i al ® Xi ® yi) > 2a. As a consequence (Ker 8z) n = if n < 2a. 

It is straightforward (see [R, §4.2.3]) that 

(Kcr<5 3 ) 2a = (V^^ g, j« +1 ) n (i?a g, yW) = j^. 

For n such that 2a < n < a + b, (Ker<5 3 )„ C A„_ a _i © J° +1 © A n ^b-i © ^+i- I n f ac t> 
(Kcr5 3 ) n (~1 (A n _6_i © >/b+i) = since i? a and i?b are exclusive and n — b — 1 < a. Therefore 

n , r , (t/(«- q - 1 ) © j« x ) n (J„_„_i © F (Q+1) + i/("~ 2q ) © i? a © v^) 
(Ker53) " = 7 7¥j^ ' 

If a + 6 < n < 26, an inspection of the kernel gives 

„, r , (i/("- a - 1 ) © j a a +1 © y(«- b -!) © j* ■ ) n (/„_„ © y( fl ) + J„_ 6 © ^( fc )) 

Kcro 3 „ = 7 . 

In-a-l © J a \i © In-b-1 © 4+1 

Since n — b <b, Rb does not appear in / Tl _t> and the numerator equals 

(yin-a-l) g ja + ^ Q y(n-b-l) ^ jb + J R (J^^ g, y(a+l) + F (n-2a) g, ^ g, y(«) + 
yCn-a-6) g, £ 6 g, y(a) + j^^ g y(b+l) + y(n-a-b) ^ ^ g, F W). 

Finally, for n > 26, we have 

, v . , (T/f"- " 1 ) © J a a +1 © ^f"- 6 - 1 ) © J b 6 +1 ) n (I„_ a <S> VW + 7„_ 6 © VW) 
(Kcrd 3 )„ = - = . 

/n-a-l © Ja+1 © *«-6-l © 4+1 

We shall denote by N n the numerator of (Ker<5 3 )„. 

Definition 3.13 A 4-tuple (E,F,G,H) is distributive if 

E n (F + G + H) = (E n F) + (E n G) + (E n H). 

Whenever the following equalities hold we will say that the extra vanishing conditions (e.v.c.) 
are satisfied 

(V (h - 1] ®R a ®V)n (V {b) ® R a ) n (Rb © V (a) ) = 0, (3.11) 

(V {a ~ l) ®R h ®V)C\ (V {a) © R b ) n (Ra © V {b) ) = 0. (3.12) 

In case the (e.c.) and the (e.v.c.) are satisfied, we are able to derive properties of Ker^ from 
those of Ker 52 as it is shown in the following proposition. 
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Proposition 3.14 Assume that Ker<5 2 is 2-pure in degrees a + 1 and 6+1, and that the (e.v.c.) 
and the second relation of the (e.c.) (3.5) are satisfied. Then, Kcr^ is 2-pure in degrees 2a and 2b 
if and only if for all n > 2a + 1, (E, F, G, H) and (E,E' ,F + G + H, F' + G + H') are respectively 
distributive and multidistributive, where 

E = V {n - a - 1] <g> J a Q +1 , E' = V {n - b - l) © 4 +1 , 

F = / n _ _! © V^ +1 \ F' = / n _ 6 _! © V< b+1 \ 

G = V (n - 2a) ®R a ® V {a) , G = V (n - a - b) © i? a © V {b) , 

H = v {n - a - b) © i? & © V {a) , H' = V {n - 2h) © i? b © V {b) . 

Proof. In order to prove the "if" part suppose that the distributivity and multidistributivity of 
the tuples are satisfied. We have already seen that 

(Kcr£ 3 )„ = if n< 2a, and (Ker(5 3 ) 2a = J 2a - 

Moreover, if 2a < n < a + b, 

N n = E n (F + G) = (E n F) + (E n G) 

= in-a-i © J a Q +i + v^~ 2a ^ © [(y^- 1 ) © R a © v) n (W a > © i? a ) n {R a © v (o >)] 

= In-a-1 © J Q Q +1 + ^ ( "" 2a) © J 2 Q a . 

The equality (Kcro3)„ = A n -2a © Jfo follows using arguments similar to the proof of Proposition 
3.12. 

If a + b < n < 26, 

N n ={E ®E')D(F + G + H + F' + G) 

={E nF) + (EnG) + (Er\H)® (E' n f') + (e' n G') 

=I„-a-l © J Q a +1 + ^ ( "" 2a) © J 2 ° a + 

F (n-a-6) g, [(y(b-l) ® # a ® y) n (I/ (6) (g) i? a ) R (ifc © F (a) )] © 
" * ' 

in-b-i © Jb+i + i/ ( "- 6 - Q) © [(y (a - 1} © i? b © iQ n (F (a) i? b ) n (fl a © v (b) )] 

v 

—0 (e.v.c.) 

=i»-«-l © J£fi + ^ ( ™- 2a) (8 J 2 ° a © 4-6-1 © J 5 6 +1 . 

Again, as in Proposition 3.12, (Kcr<$3) n = A„_ 2a © </ 2a - Note that the class of any element in 
7„_6_i © J^ +1 vanishes in (Kero3)„. 

Finally, if n > 26 we proceed in the same way and we use Lemma 3.8. Then, 

N n = (/„_„_! © j: +1 + v^ 2 ^ © j 2 a j © (j n _ 6 _! © j£ + i + y("~ 26 ) © 4,). 

Hence, Ker 63 is 2-pure in degrees 2o and 26. 

Conversely, if Ker 03 is 2-pure in degrees 2a and 26, 

(Ker(5 3 )„ = if n < 2a, 

(Ker S 3 ) n = A„_2a © J 2a if 2a < n < 26, 

(Ker 5 3 ) n = A„_ 2a © J 2a © ^™- 2 6 © >/ 2fc if n > 26. 
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Mimicking the description of Kerc)2 and taking into account that EnH^0 = E'DH', 
{E © E') n (F + G + H + F' + G' + H') 



(Ker(5 3 )„ - 

6-1 <8> J 

> JL s A„_ 2b <g> j* 6 = — - 



In-o-l (8 Ja+1 © 4-6-1 ® ■%! 

y(n-2a) g ja y(n-2b) g j6 



/n-2a ® J% a l n-2b ® J\ h 

EC\G EC\H E'nH' E' C\G' 



In~2a <S> J§a In-a-b <8> Rb ® Ra I n ~a~b ® Ra ® Rb I n ~2b ® ^ 



In-2a ® J^a In-2b ® J 2b 

By Lemma 3.10 and since EC\F = I n - a -i ® J%+i and In-2a <8> ^a £ 4-a-i <8> J„+i: (-B H Gr) n 

(4-o-l ® Ja+l) = 4-2a ® J 2 Q a- Th US, 

£nG £nG (£nG) + (£nf) 



in-2a®J% a (EnG)n(/ M _i®j; +1 ) Wi®J° + i 

The other cases are analogous. It follows from Lemma 3.9 that the tuples are respectively distributive 
and multidistributive. □ 

3.4 Description of Ker5j for i > 3 

The study of the subspace Kcr Si for i > 3 will be related to the following conditions. 

(y {b - l) ® R a ) n (R,, ® V {a - l) + ■■■ + V {a - 2) ®R b ®V)=0, (3.13) 

(V {a ~ r) <g> i? 6 ) n (i? a ® V {h - 1] + ■■■ + V {b - 2) ®R a ®V)=0. (3.14) 

We shall call them extra crossed conditions, denoted (e.c.c). Note that if (3.13) holds, then 
(VW <g> i? a ) n (i? 6 ® V { - t+a -^ + ■■■ + y(t+ a - fa -!) ® R b ® V") = for 6 - a + 1 < i < 6 - 2. Analogously, 
if (3.14) is satisfied, then (V^ <8> i? fc ) n (i? Q <8> V(*-° +6 ) + • • • + y(*-a+*>-i) <g> # a <g> y) = for 
fc-a + l<£<a-2. 

The arguments used to compute Ker Si will be similar to those of previous subsections. Recall 
that we have fixed a basis B of V which induces bases of the spaces V^ for m > 2. 
For each s g N, we define the map n s : Z>o — > 1*>o as follows 

n s (2l) = la, n s (2l + 1) = la+ 1. 

Given i > 3, suppose that <5o , • • • , <5,_i have been defined in such a way that there are injections 

9 j ■ Jn a U) ® J n b {J) — ► Ker *i-i fOT a11 < i < »", (3-15) 

inducing ^ : A ® J^ , .n ® A® J 1 ^ ,.-. — > Ker<5j_i and there are inclusions 

incj : Ker Sj — > A ® J° a(J) ®A® J h nb(j) for all < j < i - 1. (3.16) 

Then <5j may be defined as the composition of gi and inCi-\. Explicitly, 

^ ■ A ® <,« © ^ ® Jj 6W — >• ^ ® J: a(l _ 1} © a ® j^ (i _ 1} 
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is such that, for s = a,b 

. . . I avj, ■ ■ ■ v7 , (g> Vj, ■ ■ ■ Vj ... Hi is even, 

<5i(a®»j 1 -"«j n . (i) ) = ^_!l i0i ' s_1 Js J " s(!) .... ' (3-17) 

I cw^ (g) iij 2 ■ • • u^- (i) it i is odd. 

The following statements are straightforward (see [R], §4.2.4, for details). 

• Case i even, i > 4 

By inspection, (Ker<5 ?; )„ = if n < n a (i) and (Ker^)„ a ( l )+i = (V © Jn a u)) n ( R a ® ^(i-i)) = 

Let n = n a (i) + to with 2 <m < a — 1. We consider the cases: 

— to such that to < b — a+ 1, then i?& docs not appear in I m + a -i and (Ker£j) n = V^™ -1 ) © 

TO 

J n„(j) + 1- 

— to such that 6 — a + l>?7i< nb_ a (i), then 

(Ker 8i) n ={V^ © J^ (i) ) n [(R a ® ^ (m_1) + ■ ■ ■ + V {m ~^ © R a ) © V^ n ^-^ + 

{R b © V ( - m+a - b - 1) + ■■■ + 7(m+«-6-l) fl fe ) ® F (n„(i-l))j_ 

— If to = n&_ a (z), then n = rib(z) and 

(Ker &)„>« =(^ K -" (i)) ® J° o(i) © J^ (i) ) n [(i? a © 1/("^W~D + . . . + y(» fc -.(i)-D g, ^ 

V( n « C*- 1 )) + (i? fc © -J/K-oti-2)) H + y(n b _ a (i-2)) g, ^ ^ y(na(i-l))]_ 

— For to > n&_ (i), 

(Kcr50„ = (^( m )®j: aW ©y("-^w)®j^ w )n(/„_„ a{l _ 1) ®y^( i - 1 ))+/„_„ i)(j _ 1) ®^^(- 1 »). 

Finally, for n > H a (i) + a, then 

(Ker^)„ = |— - if n < a + n b (i), 

1 n-n a (i) <S J no (i) 



(Ker<5l) " = 7 7^7^ ©J ^65 7" if n > a + n 6 (»), 



Nn 

where 

iv„ = (0"-"»«) ® j« o(i) ev^w ® < w )n (/ n -„ a( i-i) ©i^ 1 " 1 " +/„_ nb(i _i) g^'C- 1 "). 

• Case i odd 

In this case (Ker<5i) ra = for n < n a (i + 1) and (Ker^)„ o ( i+ i) = J% / i+1 \- 
For n > n a (i + 1) + 1 = n (i + 2), 

(Ker5j)„ = |— - if n < a + n b (i), 

I n-n a (i) © J „ a (i) 



'fi-n a (t) * J „ a (i) © J n-n(,(i) W Jn b (i) 

where 



(Ker&) n = 7 if n > a + n b (i), 
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- N n = (y(™-«»W) ® J^ (i) ) n (Ei+h=„- n<J («+2) ^ (J) ® R a ® v^ ® y(™«w) + y(«-M*+i)) g, 

i? Q <8) yC"^- 1 ))), if n < min{n 6 (i), n a (i - 1) + 6}. 

- jv„ = (F ( "- ra " (i %J: a(i) )n(E i+ft =„-„ o(i +2)^ w ^^^ 

-R& ® ^ (<?) <g> F ( "" W) + X/("-"a(»+ 1 )) (g i? a <g ^(""(i- 1 )) + V(n-n a (i-l)-6) 8 ^ g y(n (i-l))^ ; f 

n a (« - 1) + b < n < n b (i). 

Note that if n = n (i - 1) + 6 then the term E p +g=„_ na (i)-b^ (p) ® ^& ® ^ (<?) ® F ( " a(i)) 
vanishes. 

- N n = (v (n - n ^®J? la{l) (BV( n - n ^®jb ib{i) )n(J2 

T, P +q=„-n a (i)-b vip) ®Rb® V^ <8)F("«W) + v r (™-™»('+ 1 )) ®ii ®F("°( i - 1 " + y(«-«a(i-l)-6) g, 

i? b ® 0M-D) + Ej+ m =„-a-n»(i) ^ ® R * ® ^ (m) ® ^ ( " b(4)) + E s+t= „-„ b(4+2 ) ^ W ® Hb ® 

F(*)®F ( " b(4)) +F ( "" a ~ Tl6( ^ 1)) ®i?a®^ ( " b(l ~ 1)) +^ ( " _ " b(?+1)) «'-R6'X)^ (nf,(l " 1)) ), if" > n 6 (i). 

We will consider the spaces: 
S B = V(»- B -(*))®J^ (i) ; 

s 6 = v("-"»w) g, ji i{i)] 

F X = (Ra ® 0"-™»( l + 2 )) + • • • + ]/("-"»( l + 2 )) (8) i? a ) g> T/(«»W); 
F 2 = (i?6 <g> l/(«-™»(*)-&) + . . . + y(»-na(i)-b) g iJ 6 ) ^ V(n a (i)). 
i*3 = (-Ra ® l/ ( "" a "" b(t)) H + 0™- Q -" b M) (8) F a ) <g T/(""( 4 )); 

F 4 = (i? 6 <g v {n ~ nb{l+2)) H h V r ("-" t '( i + 2 )) g i? 6 ) (g y(M*)) ; 

F 5 = \/(™-«a(»+2)) <g # a g, y(n a (»)-l) + . . . _|_ y(n-n a (i)-X) g, fl Q g, y(n a {i-2)) jf ■ j g eyen; 

F 6 = y(™-«i-(*+2)+i) (g) R b ® V^W-i) H h yC™-"!-^)- 1 ) <g i? b (g -i/(«i.('-2)+i) if j i s everi . 

F 7 = -l/(™-"»('0-6+l) g, i? 6 g, y(naW-l) _| |_ y(n-n a (i-2)-6-l) g,^ g, y(n„(t-2)+l) jf j ig eyen; 

F 8 = yCn-o-MO+l) ®R a ® V( n "W-l) -| (. y(n-o-n b (»-2)-l) g, ^ g yK(i-2)+l) jf j is eyen; 

F 9 = (y(«-«a(0-i) (g, F a + • • • + R a g y(«-n<>(t)-i)) <g y(™a(*-i)) if j is even; 
Fio = (y(«-™»(i-i)-*>) ®R b + --- + R b ® y(«-«a(i-i)-b)) ,g y("«(i-i)) if j i s even; 
Fxx = (V < - n - a - nb ^ 1 ^ (g i? Q + • • • + R a (g y(«-«-«6(i-i))) g y(n b (i-i)) if j is even . 

-Fl2 = (Vt"-"^)-!) (g i? b + • ■ • + R b (g y(«-M*)-l)) yK(i-l)) Jf j is eyen; 

F X3 = V^- n ^ 1+1 ^ ®E a ® y(«a(i-i)) if j is odd; 
F xi = -i/(«-«a('-i)-b) (g f 6 ® y(«a(*-l)) Jf j Jg dd; 
F15 = yt™- -""^- 1 )) (g i? a ® F(™&( i - 1 )) if i is odd; 
Fia = -l/(«-«b(»+i)) ® F b ® yK(i-i)) if j is odd. 
Then for n > n a (i), N n equals: 
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(E a © E b ) n (F 9 + F 10 + F n + F l2 ) if i is even and n < n a {i + 2) - 1, 

(E a © E b ) n (Fi + F 2 + F 3 + F 4 4- F 5 + F 6 + F 7 + F a ) if i is even and n > n a (i + 2), 

(E a © F 6 ) n (Fi + F 2 + F 3 + F 4 + F 13 + F 14 + F 15 + F 16 ) if i is odd. 

Theorem 3.15 Given E a , Eb and F[, 1 < I < 16, as before and i > 4, assume that for all j such 
that j < i, KctSj is 2-pure in degrees: 

{n a (j) + 1 and nb(j) + 1 if j is even, 
n a{j + 1) and rib(j + 1) if j is odd, 

and that the (e.c.), the (e.v.c.) and the (e.c.c.) hold. Then, Kcr<5i is 2-pure in degrees: 

{n a (i) + 1 and Ub(i) + 1 if i is even, 
n a (i + 1) an d Tib(i + 1) */ i *s odd, 

?/ and only if the following conditions are satisfied: 

• If i is even: 

(i) (E a , Eb, F 9 + Fio, Fli + F12) is multidistributive for n = n a {i) + m, with 1 < m < a — 1, 
(«j (E a ,E b , Fi + F 2 + F 5 + F 7 , F 3 + F 4 + F 6 + F 8 ) is multidistributive for all n > n a (i + 2). 

• If i is odd: 

(E a ,E b ,F 1 +F 2 + F 13 + F li ,F 3 + F4 + F 15 + F 16 ) is multidistributive for all n > n a (i + 2). 

Proof. 

Case 1: i even. We know that 

(KevSi) n = if n < n a (i), (Ker<y„ a ( i)+1 = J? la{i)+1 . 

For n = n a (i) + to, with 2 < m < a — 1, the following holds: 

• If to < 6 — a + 1, then 

(Ker^)„ = W™- 1 ) © J^ w+1 = A„_! © J« a(i)+1 . 

• If 6 — a + 1 < m < nb- a (i), then 

(Ker<5,)„ = F a n (F 9 + F 10 ) = d ist. (F a n F 9 ) + (F a n F 10 ), (3.18) 

but 

E a n f 10 = (v {m) © J^ w ) n [(y(™+ a - b -i) © f 6 + • • • + F & © T/( m+a - 6 - 1 )) © ^("»('- 1 ))] 

C [(V {m) © F a ) n (F & © V {m+a - b) + ■■■ + v {m+a - b - l] © R b © V)] © T/("-(^ 2 » 

" ('e. c.c.J ^7 



so (Ker (Ji)n - E a n F 9 = F" 1 © J a 



"a ('0 + 1' 
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• If m > nb- a (i), it follows from the (e.c.c.) that Eb (~l F\\ — 0, so: 
(Kcr Si) n = (F a © F 6 ) n (Fg + F 10 + F n + F 12 ) 

=muitidi S t. (E a nF g + E a n Fio) © (-E b n Fu + E b n f 12 ) 

= F^" 1 ) © J„ a aW+1 © ^("-"'.W- 1 ) © J b nb{i)+1 

For n > n a (i) + a, note hrst that 

- E a n (Fi + F 2 ) = J n _„ a(i) © J^ w . 

- F fc n(F 3 + F 4 ) = 4_ nbW ©j^ w . 

- F x + F 2 + F s + F 7 = 7 n _ B . (i _i) © y(™» (- 1 )). 

- F 3 + F 4 + F 6 + F 8 = /„_„„(,_!) © y^C- 1 )). 

- F a n f 5 = (y("- n «W) © j^ ) n (v r ("-«»( j + 2 )+ 1 ) © i? a © y (n °( i)_1 ) h 1- y(»-«a(o-i) 

i?a © yC""^" 1 ))) = l/("-n„(i+2)+l) £, [(y(a-l) g J° ) R (i? a © y(™a(«©l) + . . . + V^" 2 ) © 
Ra © F^^- 1 )))] C y(n-n„(i+2)+l) <g [(y(a-l) g, ^ R (^ g y(a-l) + . . . + y(a-2) ^ ^ ^ 
^)]®^ a (i-2) =re.c.; ^ ( ™^ (4+2) + 1) ®^ a - 2 )©J a a +1 ©^ a(l _ 2) = ^"-""W- 1 )® J» a(i)+1 . 

Since the other inclusion is trivial, E a n F 5 = yC™-™^)- 1 ) © J£ a(i)+1 . 

- In the same way, E b n F 6 = y-(*-«i.(0-i) © J^ (l)+r 

- F a nF 7 = (y( n -"«W)©j° )n(y ( ™ _n ° w_6+1) ®i4®y (n ° w_1) + ---+y (n - n " (i_1)_6) © 

i? fc © ytM*- 1 ))) c y(«-«aW-b+i) (g, [(y(b-i) fia ) n (^ (g y(a-i) + . . . + ^/( a - 2 ) © i? 6 © 
V)] © l/(™»(*-2)) = 0, by the (e.c.c). 

- Analogously, Eb fl F 8 =0. 

We then obtain the following equalities 

7V„ = (F a © F fc ) n (F x + F 2 + F 5 + F 7 + F 3 + F 4 + F 6 + F 8 ) 

=muitdi s t. F a n (Fi + F 2 ) + F a n F 5 + F a n F 7 + F fc n (F 3 + F 4 ) + F 6 n F 6 + F h n F 8 

= /n-n aW ® ■£„«) + ^("-"^W- 1 ) © J a na{l) + 1 + I n - nb(l) © J b nb{l) + V^- n ^^ © J b nb{l) + 1 . 

Thus, (Ker 5 t ) n = i n _ naW ®j L ^£i n _„ hW ®j> bW is isom orphic to 

In-n It) © J a r\ + y(' l -™»( 1 )- 1 ) © J a ,.,„ /„_„,, fi1 © J b r s + ^("-^W- 1 ) © J b ,., J _ 1 

7 (»-n B (i)-l) ^ j^ w+i F (n-«.W-1) ^ J6 t( . )+i 



(In-n.W ® <,(;)) n (V(«-n.W-D © J^ )+1 ) (I n _ nb(l) © J^) D (V(«-»»«-D © J^ (i)+1 ) ' 

Arguments similar to those used in the proof of Proposition 3.12 imply that 
(Ker Si) n ~ A n _ na(i) _i © J^ aW+ i © 4-« t (i)-i ® J n„( 4 )+i> 
and then KeriJi is 2-pure in degrees n a (i) + 1 and Ub(i) + 1. 
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Conversely, suppose that KerJi is 2-pure in degrees n a (i) + 1 and nb{i) + 1, i.e. 

(Ker<Sj)„ = A n _ no(i) _ 1 <g> J^ aW+1 © i4n-n 5 (i)-l ® J n b ( 4 ) + 1' 

Using the description of (Ker<5j)„ and by Lemma 3.9, (i) and (ii) are satisfied. 

Case 2: i odd. 

We already know that: 

(KerSi) n = if n < n a (i + 1) - 1, (Ker<5;)„ a(l+1) = J° a(t+1) . 

If n > n a (i + 1 ) , note first that 

- F 1 +F 2 +F 13 +F li + F 3 +F i + F 15 +F le = J n _„ a(i _i) ® y*"-^ 1 )) + J„_„ t(i _i) ® V*^*- 1 )). 

- F a n (f x + f 2 ) = /„-„ a(4 ) <g> J" a(i) . 

- F h n (F 3 + F 4 ) = 7 n _ B6(i) ® J^ (i) . 

- £ a nFi 3 = (y("- n »W) ® j° (i) )n(F ( "- Il » (l+1)) (8)i? Q ®y (llt ' (l ~ 1)) ) = yC™-™-^ 1 )) $ [(y( a - x ) <g> 
•^.(i)) n (^ ® y^*- 1 ")] = re . cJ y(»-»«(*+i)) ® J: o(i+1) . 

- F a n F M = (y( n - n °(*)) ® j« , ) n (yC™-™^- 1 )- 6 ) & R b & y("a(«-i))) = y(«-"a(i-i)-6) ® 
[(yC 6 - 1 ) ® j» oW ) n (i? 6 ® yC"-^- 1 )))] c y(n-«a(»-i)-6) ® [(ya>-i) ® # a ) n (i? b ® y^- 1 ))] <g> 

y(n a (i-2)) C y{n-n a {i-l)-b) [(y(6-l) g, ^J n (^ g, y(a-l) + . . . + y(a-l) g, £ fe )j g y(n„(i-2)) 
= (e.c.c.) 0- 

- Analogously, F& fl Fl 5 = 0. 

- F 6 nF 16 = y(«-M*+i)) g J^ ( . +1) by the fe.c.J. 

Thus, 

7V„ =(F © F 6 ) n (Fi + F 2 + F X3 + Fh + F 3 + F 4 + F 15 + F 16 ) 

=E a n (Fi + F 2 ) + F a n F13 + E a n F M + F 6 n (F 3 + F 4 ) + F h n Fi 5 + F 6 n Fi 6 

='»-».« ® ^ o( i) + y("-^ +1 » © J^ (i+1) + J n _ ntW ® 4 (i) + yC"-^^ 1 )) ® 4 b(?+1) . 

From now on the argument is analogous to the case i even. D 

4 (a, 6)-Koszul algebras 

In this section we define (a, fo)-Koszul algebras. 

For i > 0, let K l = A<Z> J% ,~+A® ^ ,.,, where Jg = J% = k, Jf = ,l\ = V and the sum is 
direct if i > 2. 

Definition 4.1 .An algebra A = T(V)/I is (a, b) -homogeneous if I admits a set of homogeneous 
generators, which are in degrees a and b. 

Definition 4.2 Let a,b e Z be such that 2 < a < b and let R = R a © Rb be a space of relations for 
the two-sided ideal I with R a and Rb exclusive. We will say that an (o, b) -homogeneous algebra A is 
(a, b)-Koszul if the graded vector space Tor,- (k, k) is 2-pure in degrees n a (i) and rib(i) for all i > 2. 

20 



Remark 4.3 For a = b - omitting of course in this case the condition that R a and Rb are exclusive 
- the previous definition coincides with the definition of a-Koszul given in [B2J. 

We recall the following lemma without proof. 

Lemma 4.4 [B4, Corollaire 2.1] Let W be a graded k-vector space concentrated in degree 1. Con- 
sider A = T(W)/ J and R a space of relations for J such that R = ^2 n>s R n for some integer 
s > 2. Then, for all i > 2, the graded vector spaces Tor, (k, k) and Ext^(fc, k) are zero up to degrees 
n s (i) — 1 and —(n s (i) — 1) respectively. 

Theorem 4.5 Let A = T(V)/I be an (a, b) -homogeneous algebra (2 < a < b) and let R = R a ®Rb be 
a space of relations for I such that R a and Rb are exclusive. The following statements are equivalent: 

(i) A is (a,b)-Koszul. 

(ii) The procedure described in §5.^ gives a minimal pure projective resolution of k 

► Ki A Ki_! — ► >K t -^ K Q -^ fc ^ (4.1) 

in the category of left bounded graded left A-modules. 
(Hi) The (e.c), the (e.v.c.) and the (e.c.c.) are satisfied and for all j > 1 

• the 4-tuple (E a , Eb, -Fg + F\q, Fh + -F12) is multidistributive for all n < (j + l)a, 

• the 4-tuple (Ei, E2, F>i + Gi + Hi, D 2 + G2 + -H2) is multidistributive for all n > (j + l)a, 

• the4-tuple (E[, E 2 , D[+G' 1 +H[, D' 2 + G 2 +H' 2 ) is multidistributive for all n > (j + l)a+l, 

where E a , Eb, Fh (9 < h < \2) are those of Theorem 3.15 and 

Ei = V in - Ja) ® Jf a , E[ = V {n - 3a - l) ® Jf a+1 , 



jai ±J \ — v <> u ja+l 

jb' ^2 — V <® ,J jb+l' 



E 2 = V {n ~ lb) ® J) h , E' 2 = V {n ^ b ~ l) ® J h 

Di = /„_,-„ ® V w , D[ = I n _ ja _i <s> V^ a+1 \ 

D 2 = In-jb <8> V^ b \ D' 2 = I n - jb -i <g> V^ b+1 \ 

Gx = V (n-U + l)a+l) g ja^^ g y((j-l)a+l) ^ £/ = y{n-( 3 + l)a) g £ o g y(Ja) ^ 

G 2 = V (n-(j+l)b+l) g jb^ g v .((,-l)6+l) ) grf = y(«-0-+l)6) g ^ g yW 

Hi = y(„-ja-b+l) g 7 fc +b _ 2 g v .((i-l)o+l) j ff / = y-Cn-ia-6) g ^ g y(]«) ] 

iJ 2 = yin-a-jb+1) g ja +fe _ 2 g y ((j-i)fc+i) ^ ff , = y(n-a-j6) g ^ g y(#)_ 

Proof. Notice first that if 

is a minimal projective resolution, we apply the functor k ®a — and obtain the complex 

• • • — > Qi — > Qi-i — > • • • — s> -ft -— ► K — } k — >• 0. 

It is easy to see that lfc ®a di = and then Tor (fc, fc) = fc, Tor x (fc, fc) = V, Tor 2 (k, k) = R and 
Torf(fc,fc) = Q, for i > 3. 
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Since J* ,,, CR S ® y(M*-2)) f or s = a ,b, it is clear that 6i-i5i = 0. 

The fc-modulcs J° and J\ are projective and ^4 is /c-fiat, so the ^4-modules Ki arc projective. 
Moreover, they are 2-pure except for K$ and K\ which are pure. 

Given i > 2, by Lemma 4.4, Tor 4 (fe, fc) may not vanish only in degrees greater than or equal to 
n a (i). It is then clear that there is a resolution of the form (4.1) if and only if Tor 4 (fc, k) is 2-pure 
in degrees n a (i) and rib(i), since Tor, (k, k) = J" ,... © J* ,. v 

Now, we consider the spaces Fi , 1 < I < 16 as in Theorem 3.15 and we note that 



• if i is even: 



E\ — E a , D\ = F\ + F 2 , Gi — F 5 , Hi — F 7 , 

Ei = Et, F>2 = F 3 + F 4 , G 2 = F 6 , H 2 = F$; 

• if i is odd: 

E 1 = E a , D x = Fi + F 2 , G x = F13, H 1 = F14, 

E' 2 = E b , D' 2 = F 3 + Fi, G' 2 = F\e, H 2 = F i5 . 

It is straightforward that condition (Hi) is equivalent to Theorem 3.15. D 

Remark 4.6 In Definition J^.2, k is considered as the trivial left A-module and A is said to be 
left (a, b)-Koszul. If k is the trivial right A-module and we take Ki = J" ,,-. (g) A + J h n ,,s (g> A and 
differentials analogous to 5i, A is said to be right (a, b)-Koszul. It is clear by definition that A is left 
(a, b)-Koszul if and only if it is right (a, b)-Koszul. 

Given graded A- modules TV and TV', we recall the following notation: 

Honu(7V, N') d = {/ e Rom A (N, TV') / /(TV,) C TV/ +d , 1 e Z}, 

Hom^TV, TV') = Hom A (TV, N') d , 

del, 
hom A (TV, TV') = Hom A (TV, N') . 

If TV is left bounded, let V be a minimal projective resolution of TV. We denote 

Ext^(TV,TV') = HHTiom^V.N')), 

ext A {N,N') = H^homAiV,^)). 

Next we prove some equivalent conditions to (a, 6)-Koszulity. 

Proposition 4.7 For a Z-graded k-algebra A, the following conditions are eguivalent: 

(i) A is (a,b)-Koszul. 

(ii) ext A (k,k[—n]) = if n 7^ n a {i) and n ^ nf,(i). 

(Hi) Let M and TV be two graded A-modules concentrated in degrees m and n respectively. If 
n ^ m + n a (i) and n ^ m + nb(i), then ext^(M, TV) = 0. 
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Proof. Since A: is a finitely generated A-module, Ext ^4 n (k,k) = Ext ^ n {k,k) = ext^(fc, k[— n]) 
and also Ext^ _n (fc, k) = (To^ n {k, k))* (see [B4]). It is then clear that (i) is equivalent to (ii). 

Since k is concentrated in degree 0, k[— n] is concentrated in degree —n, so it is straightforward 
that (Hi) implies (ii). 

If (i) holds, then k admits a graded projective resolution V = (Pi)i>o such that for all i, Pi = 
A® Qi where Qo and Q\ are concentrated in degree and 1 respectively and for i > 2, Qi is a 
k- vector space 2-concentrated in degrees n a (i) and nb(i). In order to prove (in), we can suppose that 
to = since ext\(M,N) = ext^(M [— m], N[— to]) and M, being concentrated, is a direct sum of 
copies of k. Without loss of generality, we may also assume that M = k. The following isomorphisms 
are natural 

hom A (Pj,N) = hom A (A ® Qj,N) ~ hom fc (Q.,-,iV), 

and homfc(<5j, N) vanishes in degrees different from n a (J) or rib(j). Thus, the complex hom^T 5 , N) 
may have nonzero terms only in degrees n a (j) and nb(j). So 

extiOfe, JV) = ^(hom A (P,7V)) = J^ = (^^(P^iV) if i = n a (j) or i = n b (j), 

Imctj-i 10 otherwise. 

D 

Given an (a, 6)-Koszul algebra A, the complex (4.1) is called the Koszul resolution of the left 
^-module k. Using Proposition 2.9, this resolution is minimal and projective. 

In general, for an (a, &)-homogeneous algebra A, the complex (4.1) is called the (left) Koszul 
complex of A. It is a generalization of the Koszul complex defined by Priddy in the quadratic case 

([M, P]). 

Proposition 4.8 Let A be an (a, b) -homogeneous algebra (2 < a < b) such that I admits a space of 
relations R = R a O Rb where R a and Rb are exclusive. Then A is (o, 6) -Koszul if and only if its left 
(or right) Koszul complex is exact in positive degrees. 

Proof. Assume first that the left Koszul complex is exact. Applying the functor k ®a —, 
Tor i (fc, k) ~ k ®a Ki, which is 2-pure in degrees n a {i) and nb(i) for i > 2. Then A is (a, 6)-Koszul. 
The converse is a consequence of Theorem 4.5. □ 

It is well-known (see [B4]) that the beginning of a minimal graded projective resolution of k is 

A®R^A®V^A^hk^Q. 

Since the length of a minimal projective resolution of k gives the global dimension of A, the 
following proposition is immediate: 

Proposition 4.9 Let A = T(V)/I be an (a, b) -homogeneous algebra (2 < a < b) such that it admits 
a space of relations R = R a © Rb where R a and Rb are exclusive. If the global dimension of A is 2, 
then A is (a,b)-Koszul. 
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4.1 Distributive lattices 

The aim of this subsection is to give some criteria which will allow us to decide whether certain 
triples and tuples are distributive or multidistributive. The proofs are rather technical. 

The set of all the fc-subspaces of V will be denoted by C{V). It is known that (C(V), C, +, n) is a 
modular lattice; i.e. given Wi , W 2 , W 3 £ £(V),ifWi C W 3 ,thcnW 1 + (W 2 r\W 3 ) = {W 1 +W 2 )C\W 3 . 

We say that a sublatticc S C C(V) is distributive if F n (F + G) = (F n F) + (F n G) for all 
E,F,Ge S. 

Remark 4. 10 it is immediate that if a sublattice S C £( V) is distributive, then for all F, F\ , • • • , F f 
€ <S, F n (Fi + • • • + F t ) = (E n F x ) + ■ ■ ■ + (E n F t ). Also, if {E 1 ,E 2l E'} C 5 are smc/i f/iaf 
Fi n E' = E 2 n E' = 0, i/ien (Fj + E 2 ) n£'=0. 



Given W"i , • ■ ■ , W n subspaces of V, we shall denote by T the sublattice generated by W\ , ■ ■ • , W n . 
The following result is a first criterion for distributivity. 

Proposition 4.11 [B2, BF, BGS1] T is distributive if and only if there exists a basis B of V such 
that Bi = B C\Wi is a basis of Wi for all 1 < i < n. In this case, we say that B distributes with 
respect to W\ , • • ■ , W n . 



Lemma 4.12 If (E, E' , F\ + ■ ■ ■ + F t , G\ + ■ ■ ■ + Gf) is multidistributive, then 

En{G 1 + --- + G t >)CEn(F 1 + --- + F t ) and 
E' n (Fi + • ■ • + F t ) C E' n (Gi + • ■ • + Gf). 

Proof. Since the tuple is multidistributive, 

(F © E') n (Fi + ■ • • + F t + d + ■ ■ ■ + Gf) = (F n F x ) + ■ ■ • + (E n F t ) + (E' n GO + • • • + (F' n G v ). 

II v eFn(Gi + --- + G t /), thenwG {E®E') n {F x + • • • + F t +d + ■ ■ • +G t >). Since FnF' = 0, 
v e (E n Fi) H h (F n F t ) C F n (Fi H h F t ). The other inclusion is analogous. □ 

Remark 4.13 (F, E', F\-\ \-F t , G\ -\ Gf) is multidistributive if and only if (F', E,G\-\ h 

Gf,F\ + ■ • ■ + Ft) is multidistributive in C(V). 

Next we prove the following lemma. 

Lemma 4.14 LetS be a distributive sublattice of C(V) . The following statements hold for F, E' , Fi, 
E 2 ,E' l ,E' 2 ,F i ,G j €S,l<i<t,l<j<t'. 

(i) J/(F,F',Fi,GiH \-Gf) and(E,E',F 2l G 1 -\ \-G t >) are multidistributive, then (E,E',F 1 + 

F 2 , G\ + • • • + Gf) and (F, E' , F± (~l F 2l G\ + ■ ■ ■ + Gf) are also multidistributive. 

(ii) //(Fi,F',FiH \-F t ,Gi-\ \-G t >) and (F 2 ,F',FiH hF,GiH \-Gf) are multidistribu- 
tive, then(E 1 +E 2 ,E',Fi + ---+F u G 1 +---+Gf) and(E 1 nE 2 ,E',F 1 +-- ■+F t ,G 1 +- --+Gf) 
are also multidistributive. 

Proof. 
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(i) By hypothesis, 

(F ® E') n (Fi + d + • • • + Gf) =(EH Ft) + {E' n Gi) + • • • + (F' n G t /) for i = 1, 2. 

Thus, 

(F © F') n (Fi + F 2 + Gi + • • • + Gf) 

= dist . (F F') n (F 1 + Gi + • • • + Gf) + (F © F') n (F 2 + Gi + • • • + Gf) 

= (E n Fi) + (F' n d) + • • • (F' n G t >) + (F n f 2 ) + (f' n d) + • • • + (f' n G t <) 
= (F n Fi) + (F n f 2 ) + (F' n Gi) + • • • + (F' n Gf). 

It is clear that for i — 1,2: 

(F © F') n ((F x n F 2 ) + Gi + • • • + G v ) C (F © F') n (F + Gi + • • • + GtO 

= (F n F) + (F' n d) + • • • + (F' n G t , )• 

Let v G (F © F') n ((Fi n F 2 ) + d + ■ ■ ■ + Gf). By (4.2) there exist x G F n F u y G E n F 2 
and z, u; G (F' n Gi) + • • • + (F' n G t >) such that u = x + z = y + u;, then x — y = w — z G 
(F' n Gi) + • • • + (F' n G t /). Since x,y G F, x - y G F and so x = y G F 2 . Therefore, 
x G F n Fi n F 2 and (F, F', F x n F 2 , Gi H + Gf ) is multidistributive. 

(mJ Note first that (Fi + F 2 ) n E' = by Remark 4.10 and that 

((Fj + F 2 ) © F') n (Fx + • ■ ■ + F t + Gi + • • • + G v ) 

=dist. (Fi © F') n (Fi + • ■ • + F t + Gi + ■ • ■ + Gf) + (F 2 © E') n (F + • • • + F + Gi + • • • + G, 

= hip (Fi n F x ) + ■ • • + (Fx n F) + (F' n d) + • • • + (f' n G t ,)+ 

(F 2 n Fi) + • • • + (F 2 n F) + (F' n d) + • • • + (f' n G*) 

=dist. ((Fx + F 2 ) n Fx) + • • • + ((Fx + F 2 ) n F) + (F' n d) + • • • + (F' n G t ,). 

For the other tuple, recall that ((Fi n F 2 ) © E') n (F x H h F 4 + Gx H h G t /) C (F, © 

F') n (Fx + • • • + F t + Gi + • • • + Gf) = (F n Fi) + • • • + (Ei n F t ) + (F n Gi) + • • • + (F' n Gf) 
iori= 1,2. Thus, 

((Fx n F 2 ) © F') n (Fx + ■ • • + F + Gi + ■ • • + Gf) 

c [(Fx n Fx) + • • • + (Fx n F) + (F' n Gi) + • • • + (f' n G t , )]n 
[(F 2 n Fx) + • • • + (F 2 n F) + (F' n Gi) + • • • + (F' n G t ,)] 

=diBt. (Fx n f 2 n Fx) + • • • + (Fx n f 2 n F) + ^](Fx n f 2 n f n f,)+ 



^(Fx n F n F n G h ) + ^(F' nG k n£ 2 n F)+ 

<i<t l<h<t' 

<h<t' l<i<t 

(F' n Gi) + • • • + (F' n G*0 + Y,( E ' nG h n °i) 

l<h,l<t' 
hjil 

c (Fx n f 2 n Fx) + • • • + (Fx n f 2 n F) + (F' n Gi) + • • • + (f' n G t /). 



2- r , 



Using Remark 4.13, wc obtain the following 

Corollary 4.15 

(i) If (E, E', F x H h F t , Gi) and (E, E' , Ft H t- F t , G 2 ) are multidistributive, then (E, E', F x + 

■ ■ ■ + Fi, Gi + G2) and (E, E' , i*i + • • • -t- -Ft, Gi (~l G2) are also multidistributive. 

(ii) If(E,E' 1: FiH hF f ,GiH hGf) and(E,E' 2 ,F 1 A h-F f ,GH hG t <) are multidistributive, 

then (E, E[ + E' 2 , F 1 + ■ ■ ■ + F t , d + ■ ■ ■ + G t >) and {E,E[C\ E' 2 ,F 1 + ■ ■ ■ + F t ,Gi + ■ ■ ■ + G t >) are 
also multidistributive. 



From now on, we will consider an (a, 6)-homogeneous algebra A = T(V)/ 1 with space of relations 
R = Ra® Rb such that R a and Rb are exclusive. For n £ N, denote by T n the sublattice of C(V^) 
generated by: 

JV® <g> R a ® V<> n - l ~ a ^ withO <i < n~a, if a < n < b, 

\V® <g> R a <8> V^ and V<^ ® i? & ® V^, with i + j + a = h + I + b = n, if n > b. 

4.2 Opposite algebra and Koszul dual algebra 

In this section we prove that the opposite (a, 6)-homogeneous algebra A° of an algebra A = T(V)/I 
is (a, &)-Koszul if and only if A is (a, o)-Koszul. Moreover, wc define the dual (a, &)-homogeneous 
algebra of A and exhibit an (a, &)-Koszul algebra whose dual algebra is not (a, o)-Koszul. 

As always, R = R a © Rb is a space of relations for /, where R a and i?b are exclusive. The fc-linear 
endomorphism of T(V) given by 

• r(l) = l, 

• t{w\ ®ui2®---® w n ) = w„ <g> • • ■ <g> VJ2 ® W\ for wi, • ■ ■ , iu n € V and n > 1, 
is an anti-isomorphism and it induces an algebra anti-isomorphism: 

(r(R)) 

It is clear that if R a and Rb are exclusive, then t(R) = r(R a ) © r(Rb) and r(R a ) and r(i?b) are 
also exclusive. We say that A° is the opposite (a, &)-homogeneous algebra of A. 

Proposition 4.16 The algebra A° is (a,b)-Koszul if and only if A is (a,b)-Koszul. 

Proof. The map r induces an isomorphism from Mod -A to A°- Mod preserving the objects, where 
the left J 4°-module structure of a right ^-module M is given by 

A° M -+ ill 

a (E) m h^- am := tot~ (a). 

Suppose that A is (a, 6)-Koszul. Applying r to the Koszul resolution of the right A-module k, 
we obtain a Koszul resolution of the left yl°-module k since r is an homogeneous anti-isomorphism. 
In particular, A is right (a, 6)-Koszul if and only if A° is left (a, 6)-Koszul. D 

Even if A is not (a, 6)-Koszul, we may still prove the following. 

2G 



Proposition 4.17 The (e.c.) hold for A if and only if A satisfies its (e.c). 

Proof. Note first that for W U W 2 C V^ n \ 

(i) t{W x + W 2 ) = t(Wi) + t(W 2 ), (m) r(VW) = y (n) , 

(ii) t(Wi n W 2 ) = t{Wi) n t(W 2 ), (iv) r(Wi ® W 2 ) = t(W 2 ) g> r(Wi). 

Suppose that the (e.c.) arc satisfied for A, then by Proposition 3.7 and for 2 < m < a — 1, 
2 < Z < b - 1 the triples 

{E,F,G) = {V {m) ®R a ,R a <S>V {m \V(g)R a ®V ( - m - 1 '> + --- + V ( - m - 1) ®R a ®V) and 
(F, F, G) = (W ;) ® F 6 , i? h ® F (/) , V ® R b ® V^ 1 ) + ■ • • + V^" 1 ) <g> i? 6 ® V) 

are distributive. 

Let F' = t(E), E' = t(F) and G = t(G). If v € F'n(F' + G), then there exist Wi G F' and w 2 G 
G' such that u = v\ +v 2 . Thus, r _1 (u) = t _1 (wi) + t _1 (v2), and then t _1 (ui) = t~ 1 {v) — t~ 1 (v 2 ). 
Since (E,F,G) is distributive, there exist ui\ G EHF and W2 G EC\G such that r _1 (vi) = wi +W2- 
Therefore, Ui = t{w\) +t(w 2 ) and u = t(w±) + t(w 2 ) +v 2 , where t{w\) G E' flF', t(u>2) + i>2 G G' 
and r(w 2 ) + t'2 = v-t(wi) G F'. Hence, v G (F'nF') + (F'nG) and then (E', F', G) is distributive. 
The other case is analogous. 

By Lemma 3.8 the inclusions (V^ ® R a ) n (i? (g> F (m) ) C yt™- 1 ) ® F a ® F and (V^ ® i? b ) n 
(J?6 ® F W ) G ^C- 1 ) O i? 6 (g V are equivalent to 

(V< m > ig) F a ) n (F Q ® y( m )) = J a a +m and (T« <g ifc) n (R b ® V«) = J b b+l . 

Applying again r we verify that the (e.c.) hold for A° . The proof of the converse statement is 
similar. □ 

Remark 4.18 There are no analogous equivalences for the (e.v.c.) or for the (e.c.c). For instance, 
consider A = , ^ ,y L . It is easy to see that the (e.v.c.) are true for A but not for A° . 

For A = / xv 2 x4+x 3 v) ' ^ e ( e - c - c -) hold, but they are not satisfied for A° . 

We have already said that (a, &)-Koszul algebras arc generalizations of 7V-Koszul algebras. It 
is well-known ([BDW]) that the dual algebra A- of an iV-Koszul algebra A may not be Koszul for 
N > 3. Of course, the same happens for (a, &)-Koszul algebras. 

Given s G N, let Rj- = {/ G (V"M)* / f(R s ) = 0}. We define the dual (a, 6)-homogeneous 
algebra of A as A ! = jgjjjgiy 

Next we introduce some notation. For s = a,b 

.._ , jV<» if 0< n<s-l, 
•/(■ttgjn = < 7S ., 

I J„ if n > s. 

Proposition 4.19 (I(R£ © J#)) n = (JiRa^n + (J(i? b ) ± )„. 
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Proof. It follows from the isomorphism (V^ ® R® V^) x ~ (F*)« g> R 1 - <8> (V*)W, where R is 
any subspace of V^ . D 

The map 

p: £(y(")) -)■ £((!/<"))*) 

is bijective and p(W + W) = p(W)n P (W) and p{WC\W) = p(W)+p(W) for all W, W £ C(V {n) ). 

Moreover, p transforms T n into the sublattice generated by (V*)^ ®R^ <8> (V*)^ and (V*)^ (g> 
#&~® (^*) m for i+j + a = h + l + b = n. 

Suppose now that R^ and R^ are exclusive. Note that, applying p, 

(i) The (e.c.) hold for A if and only if 

V {a - 2) ® R a ® V C (yt"- 1 ) <g> i? a ) + (i? a ® V^-V n • • • n l/ (a_2) (8) i? a (g> V) and 

y (b ~ 2) gftgyc (y( fc - 1 ) ® i? 6 ) + (i? 6 (gi v (b - 1) n • • • n ^ (b ^ 2) (8> i? 6 <g> V). 

(mJ The (e.v.c.) hold for A' if and only if 

(V (b - 1) ®R a ®V) + (V {b) ® R a ) + (R b <g> V {a) ) = V {a+b) and 
(V (a - 1] ®R b ®V) + [V (a) <S> R b ) + (R a ® V (6) ) = T/ (a+6) . 

(Hi) The (e.c.c.) hold for A' if and only if 

(V {b - 1) ® i? a ) + (iJj <g> ^^-^ n • • • n F (a ~ 2) <g> R b <S> V) = V {a+b ~ 1] and 

(y {a - 1] ® R b ) + (R a ® v {b ~ 1] n • • • n W b ~ 2) ® R a ® v) = v {a+b - 1) . 



Example 4.20 If R a and Rb are exclusive, R^ and R^ are not necessarily exclusive. For instance, 
i? 3 = (a; 3 ) and i? 4 = (y A ) are exclusive but (x*) 2 y* e R% and (x*) 3 y* £ i?f , and so (y*®i?^)ni?4" ^ 
0. 

5 Examples 

In this section we exhibit some examples of (a, o)-Koszul algebras. 

Given (a, b) with 4 < a < b, we define Aq,^ = k(x, y)/I, with / generated by a space of relations 
R = R a ® Rb where 

• Ra = (x 2 w\ ■ ■ ■ w a ~4y 2 ) such that if t — [^^l — 1, for 2 < j < t, w a -2j = £ and w a -2j-i = V, 
and , 

• R b = (x 2 y b ~ 4 xy). 

Our aim is to decide whether A a f, is (a, o)-Koszul or not. 

Remark 5.1 If a = 4 and o > 6, £/ierc i? a and R are not exclusive. We restrict to (a, 6) = (4, 5) if 

a = 4. 
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To check the (e.c), note that {vi t ■■■ Vi a _ 1 x 2 w\ ■■ -Wa-^y 2 / Vi . — x, y} is a basis of V^ a 1 '(8>i? a - 
It is clear that (V {a ~^ <g> R a ) n (R a <g> V^-^ H h V l ^ a ~ 2 '> ®R a ®V) vanishes. Moreover, J° +1 = 

(v®R a )n(R a ®v) = o. Thus, (v (a - 1 '> ®R a )n(R a ®v (a - 1 '> +■ ■ .+y( a - 2 ) ®R a ®V) = V ( - a -^®J^ +1 . 

The argument is similar for the other case of the (e.c). 

We now verify the (e.v.c). Observe that {V {b ~^ ® R a ® V) n (F (6) ®R a ) n (R b ® VW) C (V"( 6 ) <g 
_R a ) n (i?6 ® l/* a ') ~ Rb ® R a ~ (x 2 y b ~ 4 xyx 2 wi ■ ■ -ui a -4y 2 ); however, x 2 y b ~ 4 xyx 2 wi ■ ■ -w a -4,y 2 g 
I^ 6 " 1 ) O i? Q (g> V. Thus, the intersection is zero. Analogously, (V^'^ ®R b ®V)(l (V^ a) ® i? b ) n 

(i? a ®^ b ))=0. 

For the (e.c.c), given w E (V^ 6 " 1 ) (g> i? a ) n (iij (g> V (a-1) H h V (a - 2) <g> R b <g> V), there exist 

Xi e k and v i} E {x,y} for 1 < j < a + b - 1 such that v = Z)i=(i 1 ,...,» a+6 _ 1 ) ^ii ' ' '^a+b-i- ft 
must be v^ • ■ • Vi a+h _ 1 — v^ ■ ■ • Vi b _ 1 x 2 w\ ■ • ■ w a -iy 2 ■ Also, v belongs to the sum only if there exists 
s such that < s < a — 2 and v^ ■ ■ ■ Vi a+b _ 1 = v.i 1 ■ ■ ■ Vi s x 2 y b ~ 4 xyvi b+s+1 ■ ■ ■ Vi a+b _ 1 . It is easy to see 
that this is a contradiction and hence the intersection vanishes. 

Similarly, (V^" 1 ) ® R b ) n (R a <g> ^ (b_1) + ■ ■ • + ^ (6_2) <g> R a <8> V) = 0. 

Given B n = {v^ ■ ■ ■ v.i n / V{ . = x or Vi, = y for 1 < j < n} which is a basis of V^™', it is clear 
that B n distributes with T n . 

Next, considering a minimal resolution of A a , b we shall prove that Ker 82 is 2-pure in degrees 
a + 1 and 6 + 1. By previous arguments and Proposition 4.11, we know that the sublattice T n 
is distributive and hence the triples defined in Proposition 3.12 are also distributive. Moreover, 
following the notations of Proposition 3.12, we know that (E' © E") n (F' + G' + F" + G") = 
E' n (F' + G') +E'n {F" + G") + E" n (F' + G') + E" n (F" + G"). 

The set {v = v^ ■ ■ -Vi n _ a x 2 wi ■ ■ -Wa-^y 2 / v^ = x or Uj. = y}, appearing in the definition of 
R a , is a basis of E' n (F" + G"). 



• 



If v e F" then v e F'. 



• H v € G" = (v ( - n - 2b+1] <g> R b ® V^-^ + ■■■ + V {n ~ a ~ b) ® R b ® V^) + (V( n -°- 6 + 1 ) ® 
Rb ® T/( a ~^ + ■ • • + yt"- 6 - 1 ) (g) i? 6 (g y) and there exists s such that 1 < a < a - 1 and 
u = Uji • • • Vj nba x 2 y b ~ A xyVj n _ s+1 ■ ■ ■ Vj n , then x 2 y 4 xyVj n _ B+1 ■ ■ ■ Vj n = z\x 2 w\ ■ ■ ■ w a _^y 2 zi 
where z\ and zi belong respectively to (x, y)( s > and (x, y)^ for some s, t E No- This is possible 
only if (a, b) = (4, 6), but this case is excluded. Otherwise, v E F'. 

Therefore, E' n (F" + G") C E' D (F' + G'). 

We now want a basis of E" n (F' + G'). Given u = f^ • • • Vi ri _ b x 2 y b ~ 4 xy in a basis, let us first 
suppose that v E F'. Recall that F' = (i? a ® V (n - a ^> +■■■ + y("- a - b ) <g> i? a ® V^) + (y(™-«-6+i) g, 

R a <8> v r < b - 1 ) + • • • + y(™- 2a ) <g. i? a (g. y( a )) + (R b ® y(»- b ) + • • • + y("- 2b ) ®R b ® v^) + (y(™- 26+1 ) ® 

R b ® V (b - 1) +■■■ + V {n - a ~ b) ®R b ® V {a) ) = F" + (v^ n ~ a ~ b+1) ®R a ® V {b - X) + ■■■ + y("- 2 °) (g. 
R a ® ^ (a) ) + y("- 2b+1 ) ® i? b (gi T/( b -!) + • • • + T/("- a - b ) ® i? 6 (g. V (a \ 

If v £ D = (y("- a - b+1 ) (gi i? a <g> V {b -^ + ■■■ + y("~ 2a ) R a O l/(°)), there exists s such that 
a < s < b — 1 and v = u 9 -, ■ • • w, x 2 iyi • • ■w„_4w 2 w, ,. •••u; . Note that w, „ = x and 

w jn- s -i = ^in-s = 2/ an d using that v E F", 

• there exists Vh such that h < n — b — 2, son- s — 2 < n — b — 2, but this is a contradiction. 

• there exists Vh such that /i < n—b+2 and sos = 6—4. As a consequence, u^ • • • Vi nb x 2 y b ~ 4 xy = 
w ji • ' • v ] n - a - b +4 x2w i ■ ■ ■ Wa^4,y 2 v ]n _ b+5 ■ ■ ■ Vj n and v jn _ b+1 =x = w a - 3 = y giving a contradic- 
tion if a > 6. 
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If a = 4, then v = Vj 1 ■ ■ ■ Vj n _ b x 2 y 2 Vj nb+5 ■ ■ ■ Vj n and this happens only if b > 6. 

If a = 5, then v = Vj x ■ ■ ■ Vj n _ b _ 1 x y Vj n _ h+5 ■■■Vj n which implies b > 6, Vi n _ t = x and 

"^n-b+5 • • • v jn = y b ~ 6 xy. Note that v jl ■ ■ ■ v Jn „ b „ 1 x 3 y 2 v jn ^ b+5 ■ ■ ■ v jn G yt™-''- 1 ) ® F 5 <g> T/( fc - 4 ) 
and that l^"- 6 " 1 ) ® F 5 ® y( 6 " 4 ) n (F" + G") = 0. 

For n > a + b — 1 , 

E" r\G' = E" r\G' = (v {n - b) ® R b ) n (^("- 2a+1 ) <g> R a ® v (o-1 > + • • • + v^"-"- 1 ) <g> F a ® V) 
= v ( - n - a - b+1) ® [(yC«-i) <g, i? 6 ) n (y( 6 - Q ) ® i? a ® v^- 1 ) + • • • + V ib - 2) ®R a ® V)] 
C y(t»-»-H-i) ^ [(y(«-i) i? 6 ) n (R a $ v ib - l) + ■■■ + V {b ~ 2) ®R a ® V)] = 0. 

If 2a < n < a + b- 1 and u G F/'nG' we argue as for E"nD. Hence, F"n(F' + G") C F"n(F" + G"). 
We conclude that (£", F", F' + G', F" + G") is multidistributive and by Proposition 3.12, Ker S 2 
is 2-pure in degrees a + 1 and b + 1 . 

Given m 6 N such that m > s + 1 for s = a or s = 6 respectively, 

J£, = (i? s ® y(™-*)) n (V ® i? s ® v { - m ~ s - 1) ) n • • • n (y(™- s ) ® i? s ) 
c W™-*- 1 ) ® [(i? s ® V) n (V ® i? s )] = y^- 8 - 1 ) ® j s s +1 = o. 

Following Theorem 3.15, there are two cases: 

• if i > 2 is even, since |s > s + 1, E s = y("~^ s ) Jf = for s = a, o; 

• if i > 3 is odd, since '^-s + l>s + l,E s = yf™- 1 ^- 1 ) ® Jf_^ x = for s = a, b. 

As a consequence, the distributivities and multidistributivitics in Theorem 3.15 are satisfied. 
By Theorems 3.15 and 4.5, we obtain 

Proposition 5.2 The algebras A a ^ are (a, b)-Koszul if and only if (a, b) = (4, 5) or 6 < a < b. 

Remark 5.3 Given a,b G Z such that 2 < a < b, the algebra A = ,' „ ' v b \ is not (a,b)-Koszul. For 
this, consider (E a , Eb, F± + F 2 + F13 + F14, F3 + F4 + F15 + Fig) as in Theorem 3.15 and i odd. 

The basis B n — {v^ ■ ■ ■ Vi n / m , = X or Vi = y for 1 < j < n} of V^ n ' clearly distributes with 
T n and by Proposition J^.ll, T n is distributive. 

Let i > 5, n > ^-6 + 1 and v = u,, •••«,- . , , w^ -6-1 where h > 0, t > 1 and 

J.t i/ t = 71-^6-2/1+1, 
Vjt ~\y ift = n-^b-2h. 

Since ^-b + 1 < ^-b — 1, w G Eb D F13. /i is easy £0 see t/iat w belong neither to E a nor to 
F3 + F4 + Fig + Fiq. Hence, the tuple is not multidistributive. 



The following example of (a, 6)-Koszul algebra is a quotient of a down-up algebra. We refer to 
[Bl] for more details on down- up algebras. 
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In [Bl], the author considers a 3-dimcnsional Lie algebra g over C, with basis {x, y, [x, y]} such 
that [a;, [x,y]] = 73; and [[x, y],y] = jy, 7 G C The relations in the universal enveloping algebra 
U(g) of g become: 

x 2 y — 2xyx + yx 2 = ■yx, 
xy 2 - 2yxy + y 2 x = jy, 

and U(q) ~ A(2, — 1, 7). For 7 = 0, they are homogeneous. 

Let f) be the Heisenberg algebra generated by x and y and satisfying [x, [x,y]] = = [y, [x,y]\. 
Then, U{j)) ~ A(2,-l,0). 

Consider the algebra A = /^ where R = R 3 (B R4, R 3 = {x 2 y — 2xyx + yx 2 ,y 2 x — 2yxy + xy 2 ) 
and i?4 = (cc 4 ,y 4 ). It is clear that R3 and R4 are exclusive. 

The following statements are easy: 

• (V (2) (g> R 3 ) n (i? 3 (g> y (2) + 1/ <g i? 3 (8 V) = (xyx 2 y - 2xyxyx + xy 2 x 2 + x 2 y 2 x - 2x 2 yxy + 
x 3 y 2 ,y 2 x 2 y - 2y 2 xyx + y 3 x 2 + yxy 2 x - 2yxyxy + yx 2 y 2 ) =V ' (g> J 3 . Also, (V"( 3 ) ® i? 4 ) n (i?4 <g) 
V^> + V g> Ri <g V^ 2 ) + F (2) ® i? 4 ® V0 = (a; 7 , xyx 5 ,yx 6 , y 2 x 5 ,x 2 y 5 ,xy 6 , yxy 5 , y 7 } = V^ <g J|. 
Thus the fe.cj are satisfied. 

• (0 3 ) <g> i? 3 <g> V) n <yw ® i? 3 ) n (i? 4 <8> ^ (3) ) = = (v^ ®Ri(E)V)r\ (v^ ® R±) n (i? 3 <8> ^ (4) ). 

Hence, the (e.v.c.) hold. 

• (V (3 > g> i? 3 ) n (i? 4 <g> i^ (2) + i/®i?4®^) = o = (0 2 ) (8 i? 4 ) n (i? 3 ® ^ (3) + V" ® -R 3 ® ^ (2) + 

2 ) (g) i?3 (g V). Therefore, the (e.c.c.) are satisfied. 

Lemma 5.4 for a// n > 4, J 4 = (x n ,y n ). 

Proof. If n = 4, J| = R± = (ir 4 ,?/ 4 ). Suppose now that the statement is true for some n > 4. 
Then, 

J 4 +1 = (i? 4 <g v {n ~ 3) ) c\{v®r a ® v {n ~ A) ) n • • • n (i/ ( ™- 3) <g i? 4 ) 
= (i? 4 ® F (n " 3) ) n v <g [(i? 4 ® F (ri " 4) ) n • ■ • n (^("- 4 ) ® i? 4 )] 
= (i?4®^ (n ~ 3) )n(t/® J 4 ) 

= (jj 4 ui •■•u„_ 3 ,y 4 wi •■■w„_3 / «i,Wj G {a:, 2/}) n (x n+1 ,yx n ,xy n ,y n+1 ). 

Thus, it is clear that J 4 +1 is generated by x n+1 and y n+1 . D 

Remark 5.5 Notice that J 3 = (a; 2 y 2 — 2xyxy + yx 2 y + y 2 x 2 — 2yxyx + xy 2 x) and that J 3 — 
(R 3 ®VW)n(V®R 3 (g>V)r)(VW®R 3 ) = {R 3 ^V^)n(V(g> Jf) = 0. Forn > 6, the arguments of 
Lemma 5.4 prove that J 3 = (R 3 y( n ~ 3 )) n (V ® J 3 _x). Since Jf = 0, iften J 3 = for alln>5. 

The Koszul complex of A is 

Next we study the exactness of this complex. 
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• Let T n be the subspace generated by 

J V® ® i? 3 g> lA"-*- 3 ) if n = 3, 

[U w ®-R 3 <8>V^ and VW ®E 4 ®y (l) , with t+j + 3 = h + 1 + 4 = n, if n > 4. 

It is clear that the basis £>„ = {v^ • • • Vi n / vi- = x or Vj . = y for 1 < j < ?i} of y (™) 
distributes with 7^. By Proposition 4.11 7^ is distributive. 

With the notations of Proposition 3.12, (E,F,G) is distributive. Using the (e.c.c.) it is 
easy to see that E' n (F" + G") C E' n (F' + G') + {V {n -^ <8 R 3 ) n (y^"- 6 ) ® R 4 <g V^ + 
y(™" 5 ) ®R 4 ®V) = E'n (F' + G') and that E" n (F' + G") C F" n (F" + G") + (V^-^ g) 
F 4 ) n (y("- 6 ) <g F 3 <8 F( 3 ) + V {n -^ ®R 3 (g> ^ (2) + V^'^ ®R 3 ®V) = E" n (F" + G"). Since 
(F'©F")n(F , + G" + F" + G") = F , n(F' + G") + F'n(F" + G") + F"n(F' + G')+F"n(F" + G"), 
(F, E", F' + G',F" + G") is multidistributive. 

By Proposition 3.12, Ker^ is 2-pure in degrees 4 and 5. 

• Since Ker^ = Ax 3 g) x 5 + Ay 3 g) y 5 and Im.84 is generated by #4(1 g> a; 8 ) = a; 3 g> x 5 and 
(^4(1 g) y 8 ) = y 3 g) y 5 , Im&i = Ker(5 3 . 

• For i > 4 even, 



and Ker & = (Ax + Ay) <g> J|,-. 
Since 



<5i+ 



a® 4 — ► 


fj® 4-3 


a g) a; 2 * h-> 


ax 3 g) x 2j ~ 3 , 


/3 g) y 21 H> 


Jy^^y 21 - 3 , 


A J 2 4 I+1 


-> ^®4 
M> ax g) x 2t 


fl,o,, ( 2t+l 


1— V #•)/ « -7/ 2i 



it is clear that Im<5j+i = (Ax + Ay) g> J^ and then Im<5j+i = Ker Si 
• For i > 5 odd, 





Si-. 


A (g 4_! 

a g) x 21 * 
^(giy 21 - 1 


1-4 


A ® 4_ 2 

ax g) x 24 2 , 
^g)y 24 - 2 , 


and Ker Si 


= (A^ 3 + Ay 1 ) g) J 2 V 


-l- 






Moreover, 


<S»+i 


: A g> J 2 i+2 
a g) x 2l+2 


h4 


^® 4-i 

ax 3 <£> x 2l_1 



/3<gy 2l + 2 i-> f3y 3 <S> y 21 - 1 , 

and then Imc^+i = (Ax 3 + Ay 3 ) g) 4i-i- Thus, Im^+i = Ker <5j. 

As a consequence, the Koszul complex of A is exact in positive degrees and by Proposition 4.8, 
A is (3,4)-Koszul. Note that A ~ -M%. 
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6 Hochschild homology 

In this section, A denotes an (a, 6)-homogeneous algebra. When A is (a, 6)-Koszul, we obtain a 
bimodule resolution of A which is useful to compute its Hochschild homology. The abelian category 
of Z-graded left bounded A-bimodulcs with bimodule morphisms preserving the grading will be 
denoted by C. Let A e = A ® k A° v be the enveloping algebra of A. It is well-known that C is 
naturally isomorphic to the category of Z-gradcd left bounded left A e -modulcs, so we can use the 
results and notations of §2 for the graded fc-algebra A e . In particular, the following statements hold 
(see [B2]): 

(i) An A-bimodule M is projective in C if and only if it is graded-free. 

(ii) Every A-bimodulc M admits a projective cover, unique up to isomorphism. 

(Hi) Every A-bimodulc M admits a minimal projective resolution, unique up to isomorphism. 

(iv) Every projective resolution of an A-bimodulc M contains a minimal projective resolution as a 
direct summand. 

We recall the following result from [B4] . 

Lemma 6.1 [B4, Lemme 1.6] Suppose that M,M',M" €E C are graded-free. If the complex of graded 
left A-modules M" ® A k 9 ^ M' <g> A k f -^t M® A k is exact, then M" -^ M' -A M is exact in C. 

The following ideas are based on [B3]. For s = a,b and i > we consider the left ^4-module 
(K L, s )i = A <S> J* / t \ and the A-linear morphism (#z lS ), : (Kr 1 ^)i — > (i^L^i-i defined extending 
the natural inclusion J* ,^ °-s> A ® J* u_i)- It is clear that (Sl,s) s = and then (K l,s,Sl,s) is an 
s-complcx. Analogously, (K RtS ,5 RtS ) is an s-complex where (S RtS )i : (K RiS )j — > (K RtS )i—i is defined 
by the restriction of the fc-linear map V( n »M) — > A^V^ 71 *^ -1 " , Vj t ■ ■ -Vj n (i) t-> Vj n3 . il)1 ■ ■ ■ Vj w (g) 
v h ' ' ' v 3n ii-i) ■ Thus, K l-r.s = Kl.s ® A — A®K R ^ S is an s-complcx of bimodulcs with differential 
S' L s = 5l,s ® 1.4 (respectively, 8' R s = 1 A ® 8r,s)- To show that S' L s and S' R s commute, we look at 
the composition 

(K L>a )i® k A — > (K L>a ) i - 1 ® k A = A® k (K Rt8 ) i - 1 — ► A® k (K R , s ) t _ 2 . 
If i is even, 

a ® Vj t ■ ■ ■ Vj i ®/)i4 (oiVj 1 ■■ ■Vj s _ 1 <E> Vj s ■ ■ ■ Vj ± ) <E> 3 = cwjl ■ ■ •Vj B _ 1 ® (vj b ■ ■ ■ Vj i <8> B) 



i-> av h ■ ■ ■ v js _ x ® v js • • • v j{ _ 2 ® «j,_ 2 • • • v jf <g> /3. 

— j— s + l — j— s + ^ 2 s 

On the other hand, (<5l, s )i-i $> 1a ° 1a ® (<5r.s); is in this case: 



a ® Wj! • • • Uji . <8> /3 m- a ® (v h ■ ■ ■ v u _ 2 ® v u _ 2 ■■■ v j± B) H- 



(a <g> v^ • • • v jt _ 2 ) ® u j4 _ 2 • • • w JA /3 (-► raj! • • • w i ,_ I ® u j3 • • • wj^, (g) wj,_ 2 • • • Vj 6. 

— 2— s-t-1 — 2— s + ^ 2 s _^_ s + i _^_ s + 2 2 s 

The case i odd is similar. 
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Setting {K L - R ) t = {K L ^ a ) l © A © {K L<b )i © A and d' =d' a ® d' b where 

(d'\ = l s 'i>,*~ s h° [ii isodd > 

\(s , L, s r- l +(s' L , s r- 2 sk s +---+^^y~ 2 +( 6 R,sy' 1 a**™, 

it is clear that (d' s ) 2 = and thus (KL-R,d') is a complex of pure projective modules. It is called 
the Koszul complex of the A-bimodule A. 

Theorem 6.2 Let A = T{V)/I be an (a, b) -homogeneous algebra such that I is generated by R = 
R a © Rb with R a and Rb exclusive. The augmented Koszul complex 

► (Kl-r)2 ^ (Kl-r)i ^ (Kl-r)o -^A^O (6.1) 

is exact if and only if A is (a, b)-Koszul. 

Proof. Applying the functor — ©a k to (6.1), we obtain the complex Kl with augmentation e, 
which is exact when A is (a, 6)-Koszul. Since the A-bimodules (-SCl-h)* are graded-free and left 
bounded for all i € Z, Lemma 6.1 implies that the complex (6.1) is exact. 

Let us denote by Cr the abelian category of Z-gradcd left bounded right A-modulcs. If (6.1) is 
exact then it is a projective resolution of A in Cr. 

Since A is clearly projective in Cr, the complex (6.1) is homotopically trivial. Finally, applying 
the functor — ©a k to (6.1), the left Koszul complex is exact in positive degrees and by Proposition 
4.8, A is (a, 6)-Koszul. □ 

Remark 6.3 If A is (a,b)-Koszul 7 using Proposition 2.9, Lemmas 1.3 and 1.4 in [B4] and Propo- 
sition 7 in [C], it follows that the complex (6.1) is a minimal projective resolution of A in C. 

From now on A will be an (a, 6)-Koszul algebra. 

Recall that since A is fc-flat, the Hochschild homology HH*(A) is isomorphic to Tor* (A, A), so 
HH*(A)~H4A® A eK L - R ,l A ®d'). _ _ _ 

Fix i > 0. We identify the complex (A ©a<= Kl—r, 1a © d') with (Kl^ + Kl^, d) using the 
fc-lincar isomorphisms, 

// : A ® A - {A © fc J a ns(i) ® k A) -> A ® fc J* sW ^ d 
a © (/3 © rn © 7) h-> 70;/? © m 

9i ■ A ®kJn s {i) ~> ^®A= (v4©fe J^ (i) ©feA) 

a©m i->- a © (1 © m © 1), 

where the map d is defined as follows: 

• if v e 7 and a e A, then 4(ai8i«) = /q ((1a ®d'i)(a© 1 ©w © 1)) = /o(a©(u©l- l©w)) = 
<w — zJa; 

• if i > 3 is odd, a £ A, v,v' GV and to S ^/("t -5-1 ) for s = a,b, then 

dj(a © www') = mJ © ww' — i/a © I'm;; 

• if i is even and Vj r , • • • , v 3 • t £ V for s = a, b, then 

di (57 © fj-L ■ ■ ■Vj i ) = awji • • •Wj 3 _ 1 © w Ja ■ ■ •Vj i + 



2 2 ~~ 2~ + 2 

Therefore, HH*(A) is the homology of (KL,d). 
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6.1 Hochschild homology of A a & 

In this section we will compute the Hochschild homology of the (a, &)-Koszul algebras A a ^ defined 
in §5, with (a, b) = (4, 5) or 6 < a < b. Using the Koszul resolution of the A a b-bimodule A a ^ we 
obtain that HH*(A a ^) is the homology of the complex 

— ► I„, 6 <g> (Ra © Rb) A Kb ® V A i a . b — ► 0, 
so HH n {A a ^) is zero for n > 3. 

6.1.1 Hochschild homology in degree zero 

We know that HHo(A a ^) = "A . The fc-vector space Im cfi is generated by {ax — xa, ay — ya/a G 

A^b}. It is clear that (HH (A a . 6 )) = fc and (ifif (^a,b))i = («,3/)- 
The homology class of an element will be denoted by [— ]. 

Remark 6.4 As usual, the class of an element [wi ■ ■ ■ w n ] G (H Ho{A a> b)) n consists of the cyclic 
permutations of w± ■ • ■ w n . 

Given a necklace with n beads, we assign to each bead either x or y. Two assignments are equal 
if there is a rotation sending one into the other. By Remark 6.4 it is clear that the number of nonzero 
different classes of (HHo(A a ,i,)) n is bounded by the number of these assignments. Note that some 
classes could vanish as a consequence of the relations. 

We recall the following definition: 

Definition 6.5 [A] The Euler map ip : N — > N is such that ip(n) is the number of positive integers 
less than or equal to n, coprime with n. In other words, <p(n) = n Y[ v \ n ( 1 — ~ ) w ^ ere P is a positive 
prime. 

The number of the assignments in our case is given by p{n) = — ^2 m \ n ip(m)2~ . 

We shall compute the dimensions of (HHo(A at b))n for n = 2, 3, 4 and we shall give an algorithm 
that computes the dimensions of the n-graded components for n > 5. 

Note that x 11 and y n belong to two different nonzero unitary classes. For < s < n, we denote 
£"-s = [x n ~ s y s \- They are n + 1 different classes unless they vanish in A a> t,. 

Consider the following cases: 

(i) For n = 2, £ 2 = [x 2 ], £f = [xy], £q = ill 2 }- There are p(2) = 3 classes and none of them 
vanishes in A a f,. 

(ii) For n = 3 there are p(3) = 4 nonvanishing classes. 



(Hi) For n = 4, [xyxy], <L\ = [a; 4 ], £| = [x 3 y], £ 4 = [x 2 y 2 ], £ 4 = [xy 3 } 7 £ 4 = [y 4 ] are p(4) = 6 
different classes and none of them vanishes except for A^s where €^ = 0. 

Remark 6.6 Let n > 5 and w = x n ~ 2 w\W2- Suppose that W\ — x or u>2 = x, then w G C™ if 
W\ = W2 and w G £^_i if Wi ^ u>2- If W\ = W2 = y, then w G £™_ 2 . 



Remark 6.7 The classes [x n ], [y n \, [x n 1 y], [y n 1 x] G {HH${A a .b)) n are different and never vanish 
for n > 3. If n is even, then [xyx ■ ■ ■ y] G (HHo(A a _i,))n is a new nonzero class. 
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The set of elements obtained in Remark 6.7 may be extended to a basis of (HHo(A a> },)) n . In §7 
we exhibit an algorithm which provides the remaining elements. 
We conclude that 



dim k ((HH (A a , b )) n ) = < 



(0 


for n < 0, 


1 


for n = 0, 


2 


for n = 1, 


3 


for n = 2, 


predimO(n, a, b) + 4 


for n > 3 odd, 


predimO(n, a, b) + 5 


for n > A even. 



The integer predim0(n, a, 6) can be computed with the program in §7. 

We illustrate what we obtain from the algorithm computing bases of (HHo(A4^)) n for n = 
5,6,7,8: 



[a; 5 ], [y 5 ], [x 4 y], [y 4 x], [xyxy 2 



[x 6 ], [y 6 ], [^ 5 y], [y 5 ^], [xyxyxy], [x 2 yx 2 y], [xy 2 xy 2 ], [xyxy 3 



W\i [y 7 ]i [x G y], [y 6x \y [ x y x y x y 2 \ [x 3 yx 2 y], [xy 2 xy 3 ], \ x y x y A 



[ a; 8 ], [y 8 ], [x 7 y], [y 7 x], [xyxyxyxy], l x y x y 2x y 2 ], [x 3 y x3 y], [xyxyxy 3 ], [xy 3 xy 3 ], [x 4 yx 2 y], [xy 2 xy% 
[xyxy 5 ]. 



6.1.2 Computation of H H \{A a<b ) 

Let a, (3 £ A a ^. Note that Im^ is generated by: 



d 2 {a ® x w\ • ■ ■ Wa-^y ) = ax 2 w\ ■ ■ ■ w a -4y <8 y + yax 2 w\ ■ ■ ■ w a -4 ® y + ■ ■ ■ + xw\ ■ ■ ■ w a -±y 2 a 



d 2 ((3 <g) x y xy) = j3x 2 y b ~ A x ®y + yj3x 2 y b ~ A <g> x + h xy b ~ A xyf3 ® x. 

Moreover, Ker d\ consists of elements ^ cej <g> x + ^2 h Ph®y where aj, (3h £ A a ,b are such that 
J2j(aJx — xaj) + J2h(Phy — yPh) = 0. It is clear that (Kerdi) = and that (Kerdi)i = {l®x, l<8>y). 
Given u>i • • -iy„ S V^ n \ we denote 

T(wi • • • w n ) = w\ ■ ■ -w n -i ®w„ + w n wi ■ ■ ■ w n -2 ® lOn-i + • • • + w 2 ---w n ®wi £ A <£> V. 



For n > 2 it is easy to see that x n ~ x ®x, y n ~ x <®y, T(x n ~ 1 y) and T(y n ~ 1 x) belong to (Kerdi)„. 
Also, they do not vanish and clearly they do not belong to (Im^jn for any pair (a, b). Notice that 
if n is even, then xyx ■ • ■ x ®y + yxy • • ■ y ® x £ (Ker di)„ \ (Im d^n- 



In §7, we give an algorithm to obtain a basis of {HHi(A a ^)) n and the function prediml(n). 

y y ji ■ ■ ■ v it- 



For t = 2, ••• , [^] and Vj, £ {x, y}, T(x n t yvj 1 •••Vj t _ 2 y) £ (Kerrfi)„. Note that if there 
t such that Vj 



exists s > n-t such that v h ■ --v jt _ 2 = v h ■ ••v jh x"v jh+a+1 ■ ■•^• t _ 2 and u ih = « Jh+s+1 = y, then 
T(x n ~ t yvj 1 ■ ■ ■ Vj t2 y) = T(x s Vj h+B+1 ■ ■ ■ Vj t2 yx n ~ t yvj 1 ■ ■ ■ Vj h ). The function prediml(n) gives the 
number of these elements which are different. We may see that 

'0 forn<0, 

2 for n = 1, 

3 for n = 2, 
predim\(n) + 4 for n > 3 odd, 
predim\(n) + 5 for n > 4 even. 



dim fc ((iTiT 1 (i a , fc ))„) 



3(i 



Then, the dimensions of {HH\(A a ^)) n arc for n > 1 

2, 3, 4, 5, 8, 14, 21, 36, 61, 107, 189, 351, • • • 
and the following are bases of (HHi(A a ^)) n for n < 6 

— {1 g> x, 1 g) y} if n = 1, 

— {x ®x,y ® y,x® y + y ® x} if n = 2, 

— {a; 2 g) a;, y 2 ® y, r(a; 2 y), r(y 2 a;)} if n = 3, 

— {x 3 g> a;,y 3 g) y, r(a; 3 y), T(y 3 x), xyx g) y + yxy g> x} if n = 4, 

— {^ g> a:, y 4 (8) y, r(a; 4 y), T{y 4 x), T(x 2 yxy), T{xyxy 2 ), T{x 3 y 2 ), r(a; 2 y 3 )} if n = 5, 

— {x 5 g> x,y 5 ® y, T(x 5 y),T(y 5 x), xyxyx ® y + yxyxy g) x,T(x 2 yx 2 y),T(x 2 yxy 2 ),T(x 2 y 2 xy), 
T(xy 2 xy 2 ), T(x 3 yxy), T(x 3 y 3 ), T(xyxy 3 ), T(x 4 y 2 ), r(a; 2 y 4 )} if n = 6. 

6.1.3 Computation of HH 2 (A afi ) 

Given s E N, m E N , a 6 V^ (m) and iui • • • w s E V^ s \ we denote 
T s (a® wi ■ ■ -w s ) = aw i ■ ■ ■ Ws-i ® w s + w s awi ■ ■ ■ w s _2 g> Ws-i + • • ■ + u>2 ■ ■ -w n a ® w\ E A g) V. 



Note that if m = 0, then T s (a g> w\ • ■ ■ w s ) = aT(wi ■ ■ ■ w s ) 
Since (!■$ = 0, then HH 2 {A a ^) = Kerd2 

-j' 

A a 6, such that 



The space Ker d 2 consists of elements J2j a j ® ^ 2 ^i • • • w a -4y 2 + J2h @h ® x 2 y b 4 xy with <x, , /3/, £ 



d2 C^2 a 3® x2w i ' ' ■ w a ^ 4 y 2 +^ Ph®x 2 y b A xy) = ^2 T a (a j (g>x 2 w 1 ■ ■ ■ w Q _ 4 y 2 )+^ T b {l3 h ®x 2 y b A xy) 
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vanishes. It is clear that (Ker^n = for n < a and that no cancellation is possible. Thus, 
a~ = /3h = in A atb and HH 2 (A a , b ) = 0. 



6.2 Another example 

(R) 



Let A = (A) be the (3,4)-Koszul algebra of §5, where R — (x 2 y — 2xyx + yx 2 ,y 2 x — 2yxy + 



xy 2 ,x 4 ,y 4 ). 

Its Hochschild homology is the homology of the complex 

► A® J? 2 A A® 4 ^ A® 4 A A® J\ © A® 4 -^ -4® # A -4® V A A® k — > 0. 

Given a fc- vector space V, as always r denotes the cyclic permutation in V^ and (V^) T the 
set of coinvariants of this action. It is well-known (sec for example [W]) that HHq(A) — k © 



e°ii(M 



(j)i 



Given s G N and wi • • • i«„ E V^™^ we denote 

s-l 

(wi •••u)„) +sT = ^r'(wi •••«;„). 

t=0 

We want to compute the Hochschild homology of ^l in higher degrees. We next list explicitely 
the maps df. 
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d 2 (a®x y— 2xyx+yx ) = ayx — 2axy + yax + xay + xya — 2yxa®x+ax 2 — 2xax + x 2 a$ 



— d,2{l3®y 2 x — 2yxy + xy 2 ) = f3y 2 — 2y/3y + y 2 j5®x+j5xy — 2j3yx + x/3y + yj3x + yx/3 — 2xyj3®y, 

— ^2(7 ® x A ) = (7X 3 + xjx 2 + x 2 jx + x 3r y) ® x, 



d 2 {0 <8> y ) = {Oy 3 + yOy 2 + y 2 6y + y 3 6) ® y. 

d^{a®x 2 y 2 — 2xyxy + yx 2 y + y 2 x 2 — 2yxyx + xy 2 x) = ax — xa®y 2 x — 2yxy + xy 2 + ay — ya( 
x 2 y — 2xyx + yx 2 , 



- d 3 (/3 (g> x 5 ) = f3x-xf3® a; 4 , 

- ^3(7 ® y 5 ) = iv -yi® y 4 - 

For i > 4 even, 



di(a (g) x 21 ) = ax 3 + xax 2 + x 2 ax + x 3 a <g> x 2% 3 , 



- di(P ®y 2i ) = f3y 3 + y(3y 2 + y 2 fiy + y 3 f3 ® y 2 ' 1 - 3 . 
For i > 5 odd, 

- di(a (g> x 2l ~ l ) = ax - xa <® x 2t ~ 2 , 



- ditfi <8> y 2 ^ 1 ) = Py-yP® y 21 - 2 . 

• The computation of HHq(A) is similar to what we have done for H Ho(A at i,) . Note that several 
generators vanish in A, for instance |x™J = [y n \ — if n > 4 and [a:™ _1 y] = [y"" 1 .?] = if 
n > 5. The function ppredimO(n) in §7 allows us to compute dxmk((HHo(A)) n ) for all n > 5. 

• The space Kerdi is generated by d 2 (a ® x 2 y — 2xyx + yx 2 ), c?2(/3 &> y 2 x — 2yxy + xy 2 ) for 



a,(5 <E A and by other generators obtained like in the case of A a 



/.)■ 



Notice that x n ~ 1 = y" 1 = for n > 5, and since v 3 (g> t> = d2(|i' 3 ® w 4 ) for u = a;, y, then 
[x 3 <g> x] = [y 3 <g) y] = in (#iJi(„4)) 4 . 

• It is easy to see that 

— (Kerd 2 )n = for n < 3, 

— (Kerd2)4 = (x®x 2 y — 2xyx + yx 2 ,y <g> x 2 y — 2xyx + yx 2 ,x®y 2 x — 2yxy + xy 2 ,y®y 2 x — 
2yxy + xy 2 ), 

— (Kerens = {xy — yx<Z>x 2 y — 2xyx + yx 2 , xy — yx<E)x 2 y — 2xyx + yx 2 ,x®x 4 ,y®y 4: ) (note 
that xy — yx ® x 2 y — 2xyx + yx 2 , xy — yx® x 2 y — 2xyx + yx 2 € Inads), 

- (Kcrd^) 6 = {lm7k) 6 + (^ 2 ®x i , : y^®y 4 ), 

- (Kertfc) 7 = (Im~ck) 7 + (x 1 ®x 4 ,y 3 ®y 4 ), 

- (Kcrd 2 ) 8 = (Imd 3 ) 8 , 



(Kcrd 2 )n = (Imd3)„ + (xv^ ■■■v 1 jn& x 3 ® j; 4 ,^ 2 ^ ••• U J„„ 8 £ 2 ® x A ,x 3 v 3 i ■■■v 3 n _ s x g) 

xi > y-'^ ■ ■ ■ v l n - 8 y 3 ®y 4 > v 2 ^ ■ • ■ v l n . s y 2 ®y' i ^ y 3v h ± ■ ■ ■ v h n _ s y®y 4 ) for n ^ 9 and v ], > v l, e 
{x,y}- 
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• Notice that [xv^ ■ ■ ■ vj_x 3 x 4 ] = [x 2 ^? • • ■ v 2 a_ & x 2 ® x 4 ] = [x 3 f? • ■ • u| _ x <g> a; 4 ] and 

[yvh! • ■ • v L- s y 3 ® y 4 ] = [v^l, ■ • • w L- 8 ^ 2 ® y 4 ] = t^i ' ' ' U L- S y ® ^ 4 ] in HH 2(A). 

• By direct computations, 

— (Kerd 3 )„ = for n < 3, 

— (Kerd 3 )4 = (1 <g) x 2 y 2 — 2xyxy + yx 2 y + y 2 x 2 — lyxyx + xy 2 x), 

— (Kerens = (yx 3 + xyx 2 + x 2 yx + x 3 y ® x 5 ,xy 3 + yxy 2 + y 2 xy + y 3 x®y b , 1 (gix 5 , 1 (g>y 5 ) 
(note that yx 3 + xyx 2 + x 2 yx + x 3 y <g> x 5 , xy 3 + yxy 2 + y 2 xy + y 3 x ® y 5 € Im^), 

— (Kcrrf^) 6 = (Imrfl) 6 + (x<g>x 5 ,y(g>y 5 }, 

— (Kcrd 3 ) 7 = (Imrf 4 ) 7 + (x 2 ®x 5 ,y 2 ® y 5 }, 

— (Kcrd 3 ) 8 = (Imd 4 ) 8 + (x 3 ® x 5 , y 3 g> y 5 ) (note that x 3 (g) x 5 , y 3 y 5 G Imdi), 

— (Kcrd 3 )„ = (Imrf4)„ for n = 9, 10, 11, 

— (Kerd 3 )„ = (x 3 w jl ■ ■ -Wj^^x 3 (g> x 5 ,y 3 w hl ■ ■ -Wh^^y 3 <g) y 5 ,(v n ■ ■ -v jn _ g yx 3 )+ 4T (g) x 5 , 
(vhi • • • v h n - g xy 3 ) +4T ® J/ 5 ) for n > 12 and u>j, , w/j, , Vj t , w^ ( G {x,y} (it is clear that 
( v h ' ■ ' v j n -9V x3 ) +ir <3x 5 ,(v hl ■ ■ ■ v hrl _ g xy 3 ) +4T ® y 5 G Imd 4 ). 

• Given i > 4 even, 

— (Kcrrfj)„ = for n < 2i, 

— (Kerdi) 2 t+i = {x ® x 2l ,y ® y 2i ), 

— (Ker di)2i+2 = {x 2 ® x 2 " 1 , y 2 <g> y 2l ,yx — xy ® x 2l ,xy — yx <g>y 21 ), 

— (Kerdj)2j+3 = (a; 3 ® x 2l ,y 3 <g> y 2 \ax — xa <E> x 2l ,(3y - y/3 <g) y 2 *} for a, /3 G 2 \ 

— (Kcrdj) 2l +4 = (ax - xa g> x 2 \ f3y — y(3 <£> y 2t ) for a,/3 G V^ 3 ), 



(Kcrdi)„ = (id- ■••«} x 3 (g) x 2l ,x 2 -u 2 ■ ■ • v 2 x 2 ® x 2l ,x 3 v 3 ■ ■ ■ v 3 x ® x 2 \ 

v ''" \ Jl Jn-2i-4 Jl J»-2«-4 ' Jl Jn-2i-4 



.<2» „2„2 ...„2 „2«„2i „3„3 



y^ • • • v h n _ 2i _jj ®y >y ^ ■ • • ^ n _ 2i _ 4 y <»y > 2/ % • • • v h n ^ 2 ^ 4 y^v > ax - xaa$x-, 

Py-yP <g> y 21 ) for n > 2« + 5, u? , wf l( G {x, y} and a, /3 G yf"" 2 ^ 1 ). 



It is clear that ax — xa ® x , fly — y ft ® y G Ker di (~1 Im dj+x for * even. 



• v ) n _ 2i _ i x 3 <8> x 2 *, a; 2 ^ • • • v? 2 ._ 4 x 2 €D x 21 , x 3 w^ • • • v 3 - _ 2ii x <8> x 2 " 1 belong 
to the same class in .; c ' ''" for i even and n > 2i + 5. Taking y instead of x is analogous. 

(Imd i+ i)„ ° a 

Given i > 5 odd, 

- (Kcrd^)„ = for n < % - 1, 

- (Keidl) 2 i-i = (l<S>x 2i -\T®y 2i - 1 }, 

- (Ker~d~) 2i = (x®x 2i - 1 > y®y 2i - 1 ), 

- (Kevd^) 2i+ i = (x^®x 2i - 1 ,^®y 2i - 1 ), 

- (KcrdI) 2l+2 = (x^^x 2 '- 1 ,^ 3 ®^- 1 }, 



(Kerdi)2 l+3 = ((a; 3 y)+ 4T ® x 21 " 1 , (y 3 x)+* r (g> y 2 ^ 1 } 



(Kerdi)n = ((uji • ■ • Vj n _ 2i _ 3 yx 3 )+* T x 2 ' 1 , (v hl ■ • • v hn _ 2z _ 3 xy 3 )+* T ® y 2t 1 ) for n 
2i + 4, 2i + 5 and Vj, , fh, G {x, y}, 
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(Kcrdi)n = {{v J1 ■ ■■v jn _ 2l _ 3 yx 3 )+4 T ® x 2 ' 1 \ (v hl ■ ■ ■ v hn _ 2i _ 3 xy 3 ) 



;3\+4T o, „2i-l ^3 



, X J Wj 1 ■ ■ ■ 



U 3n-2i-5* 



{x,y}- 



, j/ 3 iu hl • • • w hn _ 2i _ 5 y 3 ® y 2 * *) for n > 2i + 6 and w jt , w fti , u,, , v hl <E 



• Notice that if i is odd (Kcr dj)„ = (Imd,+i)„ for 2i + 2 < n < 2i + 5. Moreover, if n > 1i + 6 
then («,-! ••■v J „_ 2 ,_ 3 y a;3 ) +4T ® a; 2 *' -1 , ("Ai ' ■ ' v h„^ 2z . 3 xy 3 ) +iT (g>y 2i_1 e Im<i 1+ i)„. 

We conclude that: 



dim fe ((ifif (^))n) 



f° 


for ro < 0, 


1 


for n = 0, 


2 


for n=l, 


3 


for n = 2, 


4 


for ?i = 3,4, 


ppredimO(n) 


for 7i > 5 odd 



dim fe ((ififi(^l)) n ) 



dim fc (( J ff J ff 2 (^))„) 



^ppredimO(n) + 1 for n > 6 even. 

for 77 < 0, 

2 for 77 = 1, 

3 for 77 = 2, 
prediml(n) + 2 for n > 3 odd, 
prediml(n) + 3 for 77 > 4 even. 

for n < 3 or 77 = 

4 for 77 = 4, 

2 for 77 = 5, 6, 7, 



2predim2(n — 4) for n > 9, 
where predim2 may be computed as in §7. 
For example, for 5 < n < 13, predim2(n) is respectively 1, 2, 4, 6, 12, 22, 41, 74, 137. 



dim k ((HH 3 (A)) n ) = 



for n < 3 or 8 < n < 11, 

for n = 4, 
2 for 77 = 5,6, 7, 

2predim3(n — 5) for n > 12. 

The function predimS is computed as described in §7, for 7 < n < 15, predim3(n) is respec- 
tively 1,1,2,3,7,12,22,40,75. 



• For i > 4 even, 



dim k ({HHi{A))„) 



for n < 2i or n = 2i + 4, 

2 for 77 = 27 + 1,27 + 2,27 + 3, 

2predim2(n — 2i) for n > 2i + 2. 
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• For i > 5 odd, 

{0 for n < 2i - 2 or 2i + 2 < n < 1i + 5, 

2 forn=2i-l,2i,2i+l, 

2predim3(n — 1i + 1) for n > 2i + 6. 

7 Appendix 

In this section we give a program using Mathematica to compute the Hochschild homology of the 
algebras A and A ai b for (a, b) — (4, 5) or 6 < a < 6. 

prod [ a_ , bs_ , c_] := Me5>[ Join [a , #, c] &, bs ] ; 

normalform [ w_] : = 

Sort [Most [NestList [RotateRight , w, Length [w] ]]][[ 1 ]] ; 

delete [ s_ ] := 

Union [Map[ normalform , s], Map[ normalform , (s /. {x — > y, y — > x})]]; 

relb[b_] := Join[{x, x}, Table[y, {b - 4}], {x, y}]; 

ker[n_, t_] := Module[{d, xt , stepl , step2}, 
d = n - t - 1; 
stepl = Map[ 
Function [ is , 
Flatten [ 
Maplndexed [ 
If[EvenQ[#2[[l]]], Table[x, {#1}], Table[y, {#1}]] &, is]] 

], 
Select [ 

Flatten [Map[ Permutations , IntegerPartitions [d , d, Range[l, t]]] . 

1], #[[-1]] < t || EvenQ[ Length [#]] &] 

]; 

xt = Table [x, { t }] ; 

step2 = prod[xt, stepl, {y }] ; 

delete [ step2 ] 

]; 

generators [n.] := Flatten [Table [ ker [n , t], {t , 2, n- 2}], 1]; 

contain [w_, v_] := 
!= Length [Select [ 

NestList [RotateRight , w, Length [v] — 1] , 
MatchQ[#, 

Append [ Prepend [ v , BlankNullSequence [ ] ] , BlankNullSequence [ ] ] & 



relations [ a_] : = 

MatchQ[a, { , x, x, x, x, }] 

MatchQ[a, { ___ , y, y, y, y, — }]; 
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ppredimO [ n_] : = 

Module [{counter = 0, x4 = Table [x, {4}], y4 = Table [y, {4}]}, 
Do[ 
If [ ! (contain[p, x4] contain[p, y4 ] ) , Print [p] ] , 

{p, generators [n] } 

]; 

Do[ 

If[! (contain [p, x4] contain [p, y4 ] ) , counter = counter + 1] 
{p, generators [n] } 

]; 

Print [" ppredimO (" , n, ")=", counter] 



predim0[n_, a_ , b_] : = 

Module [{ aword , bword , vs , auxvs , auxrelation , counter = 0}, 
auxvs = Map[ 
Function [ is , 
Flatten [ 
Maplndexed [ 
If[OddQ[#2[[l]]] , Table[x, {#1}], Table[y, {#1}]] k, is 

]. 
IntegerPart itions [a — 4, {a — 4}] 

]i 
vs = Flatten [ auxvs ] ; 

auxrelation = If [EvenQ[ Length [ vs ] ] , RotateRight [ vs ] , vs ] ; 
aword = Join[{x, x}, auxrelation , {y , y}]; 
bword = relb [b ] ; 
Do[ 

If[! (contain [p, aword] contain [p , bword] ) , Print [p] ] , 

{p , generators [n] } 

]; 

Do[ 

If[! (contain [p, aword] contain [p, bword]), 

counter = counter + 1] , 
{p, generators [n] } 

]; 

Print ["predim0(" , n, ",", a, ",", b, ")-' , counter]; 



prediml[n_] := Print [" prediml (" , n, ")=" , Length [ generators [n ]]] ; 

predim2[n_] := Module[{ generators } , 

generators = Map[ Join [{x} , #, {x , x, x}] &, Tuples[{x, y}, n — 4] 
Print ["predim2(" , n, ")=" , 
2"(n — 4) — Length [ Select [ generators , relations] 



predim3[n_] := Module[{ generators } , 
generators = 

Map[Join[{x, x, x}, #, {x , x, x}] &, Tuples[{x, y} , n- 6]]; 
Print ["predim3(" , n, ")=" , 
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2"(n — 6) — Length [ Select [ generators , relations] 
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